Application of the mathematical autodriver algorithm for autonomous vehicles by Beikzadeh Marzbani, H
Application of the Mathematical Autodriver Algorithm for Autonomous Vehicles 
A thesis submitted in fulfilment of the requirements for the degree of Doctor of Philosophy 
Hormoz B.Marzbani 
M.B.B.S, Ms.CS, 
School of Aerospace Mechanical and Manufacturing Engineering 
 College of Science Engineering and Health 
RMIT University 
January 2015 
Declaration 
I certify that except where due acknowledgement has been made, the work is that of the author alone; 
the work has not been submitted previously, in whole or in part, to qualify for any other academic 
award; the content of the thesis/project is the result of work which has been carried out since the 
official commencement date of the approved research program; any editorial work, paid or unpaid, 
carried out by a third party is acknowledged; and, ethics procedures and guidelines have been 
followed.  
Hormoz B.Marzbani 
June 2015 
Acknowledgments
I would like to thank to my PhD advisors, Professor Reza Jazar, and Dr. Mohammad
Fard, for supporting me during these past three years. Reza is someone you will instantly
love and never forget once you meet him. Hes the funniest advisor and one of the smartest
people I know. He has been the best listener to all my complaints about the hardships
I had during these years. I hope that I could be as lively, enthusiastic, and energetic as
Reza and to someday be able to command an audience as well as he can.
Fard has been supportive and has given me the freedom to pursue various projects
without objection. He has also provided insightful discussions about the research.
I also have to thank the members of my PhD confirmation, Simon Watkins, and Xu
Wang for their helpful career advice and suggestions in general.
A good support system is important to surviving and staying sane in grad school. I
was lucky to study in a school with such good professional staff, such as Mellissa sigis-
mondi, Emilija Simic, Anna parisi, and specially Lina Bubic, who is more than just staff
to all the students in our school.
I would also like to thank all of my friend at the school, who I will remember for the
rest of my life. We almost lived together for the past three years. I will save three years of
nice memories and hope giving talks we had together forever; Salah, Oleksander, Minoo,
Anna, Afshin, Thomas, Kiros and many others.
I need to thank AmirAli Khodadadian who was always there for me and many others
at the school to help through various types of difficulties, whom without I would not know
LaTeX to write this document with to mention the least. And also his wife Sara Vahaji,
who always makes the day happier if you have the chance to meet her.
I also thank all the professional staff of our school, who have been around working
hard to make our job and life as students easier. I especially thank my mom, and dad. My
hard-working parents have sacrificed their lives for my siblings and myself and provided
unconditional love and care. I love them so much, and I would not have made it this far
without them. My brothers and sister has been my very good friends all my life and I
love them dearly and thank Afshin my older brother for being my older brother like what
it should be. I know I always have my family to count on when times are rough.
Special thanks to the newest additions to my family, Pargol, my new wife as she have
been supportive and caring.
The best outcome from these past five years is finding my best friend, soul-mate,
and wife. I married the best person out there for me. Pargol is the only person who can
appreciate my moodiness and sense of humor. There are no words to convey how much
I love her. Pargol has been a true and great supporter and has unconditionally loved me
during my good and bad times. She has been non-judgmental of me and instrumental in
instilling confidence. She has faith in me and my intellect even when I felt like digging hole
and crawling into one because I didnt have faith in myself. These past several years have
ii
not been an easy ride, both academically and personally. I truly thank Pargol for sticking
by my side, even when I was irritable and depressed. I feel that what we both learned a
lot about life and strengthened our commitment and determination to each other and to
live life to the fullest.
I dedicate this thesis to:
my family, and my wife, Pargol
for their constant support and unconditional love.
love you all dearly.
iii
The thesis was written in the Eclipse editor on Linux Mint, and typeset using the LATEX 2ε doc-
ument preparation system.
All trademarks are the property of their respective owners.
iv
Contents
Abstract 1
1 Introduction 3
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1.1 History Review of Autonomous Vehicles . . . . . . . . . . . . . . . . 3
1.1.2 Path Planning(Trajectory Generation) . . . . . . . . . . . . . . . . . 16
2 Clothoid 27
2.1 Clothoid . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.1.1 Finding the suitable curve for an application . . . . . . . . . . . . . 29
2.1.2 History of Euler Spiral . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.1.3 Clothoids in Road Design . . . . . . . . . . . . . . . . . . . . . . . . 34
3 Kinematics of autonomous algorithm 51
3.1 Autodriver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.1.1 2WS Vs. 4WS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.1.2 Road Turning Center . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.1.3 Autodriver Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 62
3.2 Autodriver Algorithm for A Front-Wheel-Steering (FWS) Vehicle . . . . . . 75
3.3 Autodriver Algorithm for A Rear-Wheel-Steering (RWS) Vehicle . . . . . . 80
3.4 Autodriver Algorithm for a Three-Axle vehicle . . . . . . . . . . . . . . . . 82
4 Steady-State Dynamic Steering (SSDS) 87
4.1 Using Steady-State responses instead of dynamic solutions . . . . . . . . . . 87
4.1.1 Vehicle Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.1.2 Introduction to dynamic and steady state equations . . . . . . . . . 90
4.1.3 Effect of changing steering angle on transient and steady-state re-
sponses on dynamics behavior of vehicles . . . . . . . . . . . . . . . 96
4.1.4 Effect of Acceleration(Variable Forward Velocity) on transient and
Steady-State Responses on Dynamics Behavior of Vehicles . . . . . . 107
4.1.5 Exact(Dynamic) Rotation Center and Path of Motion . . . . . . . . 113
v
5 Application 119
5.1 Generating Dynamic Steering Angles Using Steady-State Responses . . . . 119
5.2 Random Road Test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
6 Conclusion 143
6.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
Bibliography 147
vi
List of Figures
1.1 A street intersection in the City of the Future, Detail of the Futurama exhibit
at the New York World’s Fair . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2 Autonomous Land Vehicle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Terragator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4 VaMoRs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.5 VaMoRs-P . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.6 Lancia Thema 2000 ARGO Autonomous Vehicle . . . . . . . . . . . . . . . . . 12
1.7 ARGO Control panel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.8 Comparative study of using three different curves for connecting straight lines . 23
2.1 Comparative study of using three different curves for connecting straight lines . 30
2.2 Euler Spiral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.3 The Elastica problem- figure drawn by Euler . . . . . . . . . . . . . . . . . . . 32
2.4 Reconstruction of Euler’s figure, with complete spiral superimposed . . . . . . 32
2.5 The tangent line, normal line, and the tangent circle to the clothoid at the
point where k=0.01 for a given a=200. The clothoid is plotted up to k=0.025 37
2.6 Plot of e = arctan −(X−100)±
√
802−(X−100)2−2.4868×10−5a2 versus a . . . . . . . . . . . . . 38
2.7 Plot of e = −(X−100)±
√
802−(X−100)2−tan(2.4868×10−5a2 ) versus a . . . . . . . . . . . . . . 39
2.8 The transition road starting on X-axis and goes to a circle of radius R=80m
at center c(100,100) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.9 A clothoid starting at the origin ends at a point with the same slope and
curvature as the given circle, at the same y . . . . . . . . . . . . . . . . . . . . 41
2.10 A shifted clothoid starting on a point on the x -axis ends at a point with the
same slope and curvature as the given circle and on the circle . . . . . . . . . . 42
2.11 A design graph of the relationship between the clothoid and parameters of
magnification factor a, curvature k, and slope θ . . . . . . . . . . . . . . . . . . 43
2.12 A few clothoid transition road to connect a straight road to a circle of radius
R=58.824 m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.13 A clothoid between two points at which the tangent lines are parallel to Y=X. 45
2.14 A symmetric Infinity symbol road based on two clothoids and two circular arcs 45
2.15 Infinity Symbol Road . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
vii
3.1 Turning center of a 2WS vehicle . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.2 Turning center of a 4WS vehicle . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.3 Turning center of a 4WS vehicle - bicycle model . . . . . . . . . . . . . . . . . 54
3.4 Unavailable area for the center of rotation of the Bicylce model of a 4WS vehicle 55
3.5 Simple Cycloid path of motion for lane change maneuever . . . . . . . . . . . . 56
3.6 Simple Harmonic path of motion for lane change maneuever . . . . . . . . . . . 56
3.7 Steering angle of a 2WS vehicle through a Cycloid path of motion, Inner wheel:
Black - Outer wheel:Red . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.8 Steering angle of a 4WS vehicle through a Cycloid path of motion, Inner front
wheel: Black - Outer front wheel:Red - Inner rear wheel: Green - Outer rear
wheel:Blue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.9 Steering angle of a 2WS vehicle through a Harmonic path of motion, Inner
wheel: Black - Outer wheel:Red . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.10 Steering angle of a 4WS vehicle through a Harmonic path of motion, Inner
front wheel: Black - Outer front wheel:Red - Inner rear wheel: Green - Outer
rear wheel:Blue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.11 Curvature center of the road the rad line the start of the motion from the
origin, the blue line is from right after the end of the first circle to the start
of the second, and the green line shows the center from the end of the second
circle, back to the origin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.12 A front-wheel-steering vehicle and the Ackerman condition . . . . . . . . . . . 62
3.13 A positive four-wheel steering vehicle . . . . . . . . . . . . . . . . . . . . . . . . 63
3.14 A negative four-wheel steering vehicle . . . . . . . . . . . . . . . . . . . . . . . 63
3.15 Sign convention for steer angles . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.16 Illustration of a positive 4WS vehicle in a left turn . . . . . . . . . . . . . . . . 64
3.17 Bicycle model for a positive four-wheel-steering vehicle . . . . . . . . . . . . . . 66
3.18 Bicycle model for a positive four-wheel-steering vehicle . . . . . . . . . . . . . . 67
3.19 Illustration of a car that is moving on road at a point that cc is the center of
curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
3.20 Illustration of a the vehicles heading angle while travelling on the clothoids . . 69
3.21 Steer angles of 4 wheels while the car is traveling on the first (right hand side)
and third (left hand side) clothoids. δif :Red, δof :Blue, δir:Green, and δor:Black 71
3.22 Steer angles of 4 wheels while the car is traveling on the second clothoid.
δif :Red, δof :Blue, δir:Green, and δor:Black . . . . . . . . . . . . . . . . . . . . . 72
3.23 Steer angles of 4 wheels while the car is traveling on the first circle. δif :Red,
δof :Blue, δir:Green, and δor:Black . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.24 Steer angles of 4 wheels while the car is traveling on the second circle. δif :Red,
δof :Blue, δir:Green, and δor:Black . . . . . . . . . . . . . . . . . . . . . . . . . . 74
3.25 center of rotation of a Front-Wheel-Steering vehicle . . . . . . . . . . . . . . . . 76
viii
3.26 Illustration of a car which is moving on a road at a point that Cc is the center
of curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
3.27 steering angle of the front wheel in the first and third sections of the road, Red:
angle of the inner wheel, blue: angle of the outer wheel . . . . . . . . . . . . . 78
3.28 steering angle of the front wheel in the first circle part of the road, Red: angle
of the inner wheel, blue: angle of the outer wheel . . . . . . . . . . . . . . . . . 79
3.29 steering angle of the front wheel in the second clothoid section of the road,
Red: angle of the inner wheel, blue: angle of the outer wheel . . . . . . . . . . 80
3.30 steering angle of the front wheel in the second circle part of the road, Red:
angle of the inner wheel, blue: angle of the outer wheel . . . . . . . . . . . . . 81
3.31 Center of rotation of a Rear-Wheel-Steering vehicle . . . . . . . . . . . . . . . . 81
3.32 Center of rotation of a Three-Axle vehicle . . . . . . . . . . . . . . . . . . . . . 82
3.33 steer angles of a three-axle vehicle traveling on the first and third clothoids of
the road. RED:Front left wheel, Blue:Front right wheel, Green:Right second
row wheel, Black:Left second row wheel . . . . . . . . . . . . . . . . . . . . . . 83
3.34 steer angles of a three-axle vehicle traveling on the first circle part of the road.
RED:Front left wheel, Blue:Front right wheel, Green:Right second row wheel,
Black:Left second row wheel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
3.35 steer angles of a three-axle vehicle traveling on the second clothoid of the road.
RED:Front left wheel, Blue:Front right wheel, Green:Right second row wheel,
Black:Left second row wheel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
3.36 steer angles of a three-axle vehicle traveling on the second circle part of the
road. RED:Front left wheel, Blue:Front right wheel, Green:Right second row
wheel, Black:Left second row wheel . . . . . . . . . . . . . . . . . . . . . . . . . 85
4.1 A rigid vehicle in a planar motion . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.2 Kinematics of a moving vehicle at steady-state conditions. . . . . . . . . . . . . 92
4.3 Steady-state responses of a sample vehicle, as functions of forward velocity vx. 94
4.4 The steady-state values of R, β, and r, as functions of forward velocities. . . . 94
4.5 The coordinate (xO, yO) of the dynamic rotation center of the vehicle for 0 ≤
vx ≤ 40 m / s and its critical speed. . . . . . . . . . . . . . . . . . . . . . . . . . 95
4.6 The location of the steady-state rotation center for 0 ≤ vx ≤ 40 m / s. . . . . . . 96
4.7 A realistic step change of steer angle. . . . . . . . . . . . . . . . . . . . . . . . . 97
4.8 The instantaneous time history of r, vy, and R for a step steering change. . . . 98
4.9 The steady-state time history of r, vy, and R for a step steering change. . . . . 99
4.10 The difference between the instantaneous and steady-state values of r during
a step steering input. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
4.11 The difference between the instantaneous and steady-state values of vy during
a step steering input. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
ix
4.12 The difference between the instantaneous and steady-state values of R during
a step steering input. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.13 The difference between the instantaneous and steady-state values of ψ during
a step steering input. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.14 The instantaneous path of motion of the vehicle and the steady-state rotation
center. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
4.15 The instantaneous and steady-state global velocity components of the vehicle
and their differences. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
4.16 The instantaneous and steady-state paths of motion of the vehicle. . . . . . . . 103
4.17 Plot of X, Xs, Y , Ys, as functions of t. . . . . . . . . . . . . . . . . . . . . . . . 104
4.18 Plot of X −Xs, Y − Ys, as functions of t. . . . . . . . . . . . . . . . . . . . . . 104
4.19 Plot of x− xs, as functions of t. . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
4.20 Plot of y − ys, as functions of t. . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
4.21 A realistic lane change steer angle. . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.22 The instantaneous and steady-state path of motion of the vehicle in a lane
change maneuver. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.23 The instantaneous and steady-state global velocity components of the vehicle
in a lane change maneuver. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.24 The instantaneous and steady-state global position components of the vehicle
in a lane change maneuver. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
4.25 Steady-state responses of a sample vehicle, as functions of forward velocity vx. 109
4.26 The coordinate (xOsteady , yOsteady) of the steady-state rotation center of the
vehicle in the body frame for 0 < t < 20 s . . . . . . . . . . . . . . . . . . . . . 111
4.27 The location of the steady-state rotation center in the body frame for 0 < vx <
20 m/s. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
4.28 The steady-state path of motion of the vehicle and its rotation center. . . . . . 113
4.29 The coordinate (xO, yO) of the steady-state rotation center of the vehicle in
the body frame for 0 < t < 20 s . . . . . . . . . . . . . . . . . . . . . . . . . . 114
4.30 The location of the Dynamic rotation center in the body frame for 0 < vx <
20 m/s. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
4.31 The Dynamics (exact) path of motion of the vehicle and its rotation center. . . 115
4.32 Deviation in the x direction - Time lag included . . . . . . . . . . . . . . . . . 116
4.33 Deviation in the y direction - Time lag included . . . . . . . . . . . . . . . . . 117
4.34 The exact and approximate paths of motion . . . . . . . . . . . . . . . . . . . . 118
4.35 The exact and approximatecenters of rotation in the body frame . . . . . . . . 118
5.1 Cycloidal Motion lane change manoeuvre-moving 3 meters from one lane to
the adjacent lane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
5.2 Radius of curvature for Cycloidal Motion Lane Change Manoeuvre Road . . . 121
5.3 Radius of curvature for Cycloidal Motion Lane Change Manoeuvre Road . . . 122
x
5.4 Illustration of a car which is moving on a road at a point that Cc is the center
of curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
5.5 Kinematic steering angles- Black:δi and Red:δo . . . . . . . . . . . . . . . . . . 123
5.6 Average of the Kinematic steering angles . . . . . . . . . . . . . . . . . . . . . 126
5.7 vy side slip velocity of the vehicle for the kinematic steering case . . . . . . . . 126
5.8 r(t) rate of change of the heading angle of the vehicle for the kinematic steering
case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
5.9 x Componenet of the resulted motion expressed in body frame for the kinematic
case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
5.10 x Componenet of the resulted motion expressed in body frame for the kinematic
case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
5.11 Resulted road as seen in the body frame for the kinematic case . . . . . . . . . 128
5.12 X Componenet of velocity in the Global frame for the kinematic case . . . . . . 129
5.13 Y Componenet of velocity in the Global frame for the kinematic case . . . . . . 129
5.14 Kinematic steering road . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
5.15 Kinematic steering angles vs. steady-state steering angles, Red:kinematic -
Green:steady-state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
5.16 difference between Kinematic and steady-state steering angles . . . . . . . . . . 130
5.17 The results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
5.18 Actual road(red) vs. Kinematic steering road(Black) . . . . . . . . . . . . . . . 131
5.19 Actual road(red) vs. steady-state road(green) . . . . . . . . . . . . . . . . . . . 131
5.20 difference between the steady-state and kinematic angles - High Speed Manoeuvre131
5.21 Actual road(red) vs. steady-state road(green) - High Speed Manoeuvre . . . . 132
5.22 Actual road(red) vs. steady-state road(green) - High Speed Manoeuvre . . . . 132
5.23 Simple Harmponic motion-Lane change manouevre . . . . . . . . . . . . . . . . 133
5.24 Radius of curvature of a simple harmonic motion road . . . . . . . . . . . . . . 133
5.25 Center of rotation of a simple harmonic road . . . . . . . . . . . . . . . . . . . 134
5.26 Kinematic steering angles- δi:Black, δo:Red . . . . . . . . . . . . . . . . . . . . 134
5.27 Kinematic steering angles path of motion . . . . . . . . . . . . . . . . . . . . . 135
5.28 Kinematic steering path of motion(Black) vs. Actual road(Red) . . . . . . . . . 135
5.29 Steady-state steeing angle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
5.30 kinematic steering angle-steady state angle . . . . . . . . . . . . . . . . . . . . 136
5.31 Steady-state steering resukted path . . . . . . . . . . . . . . . . . . . . . . . . . 136
5.32 Actual road(red) vs. steady state road(Green) . . . . . . . . . . . . . . . . . . 136
5.33 Sample road from equation 5.37 . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
5.34 Turning radius of the road from figure ?? . . . . . . . . . . . . . . . . . . . . . 138
5.35 Turning center of the road from figure ?? . . . . . . . . . . . . . . . . . . . . . 139
5.36 Lateral velocity of a vehicle using the steering angles from equation 5.39 . . . . 140
xi
5.37 x component of a vehicle using the steering angles from equation 5.39 in its
body frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
5.38 y component of a vehicle using the steering angles from equation 5.39 in its
body frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
5.39 x component of the velocity of a vehicle using the steering angles from equation
5.39 in its body frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
5.40 y component of the velocity of a vehicle using the steering angles from equation
5.39 in its body frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
5.41 Actual Road (Red) vs. Steady-state road (Green) . . . . . . . . . . . . . . . . . 142
6.1 Overview of the autodriver algorithm inclusing the proposed control feedback
system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
xii
List of Tables
3.1 Nominal Values as From a Sample Car . . . . . . . . . . . . . . . . . . . . . . . 75
xiii

Abstract
The mathematical theory for autonomous vehicles, which was initially developed for 4-
wheel-steering vehicles was formulated to work for 2 wheel steering vehicles as well. This
was the first step towards making the theory closer to practice.
Then a sample road using clothoids as the transition curve was generated. Clothoid
was used as the best transition curve according to the literature for mobile robots trajec-
tory generation. This study ended up in development of a design chart which could be
used for better road design.
The sample road is used to find the kinematic steering angles required by the vehicle
to stay on the road. The kinematic steering angles work well only at very low forward
velocities. The dynamic differential equations of motion of the vehicle needed to be solved
to make the study of motion of the vehicle possible in higher velocities.
During high forward velocity travelling some factors will cause the vehicle to move
on a road different to the desired path of motion. The sample road generated proved that
the traditional method of solving differential equations of motion was not very effective
especially in the case of complicated mathematical paths of motion. That is why a new
method was sought for, which resulted in the generation of the Steady-State Dynamic
Steering method. This method provides an alternative way of studying the dynamics of
motion of a vehicle, which is proved to be much faster and less complicated than the
traditional method.
At the end the new method was, put in to test by trying different vehicle travelling
maneuvers. After validation of the new method it was used mathematically to take control
of a car to travel a sample desired path of motion autonomously by using the mathematical
theory of autonomous vehicles.

CHAPTER 1
Introduction
1.1 Introduction
1.1.1 History Review of Autonomous Vehicles
New Yorks 1939-1940 Worlds Fair promised the public a glimpse into the World of To-
morrow. No exhibit at the fair came closer to keeping this promise than Futurama, the
pavilion sponsored by General Motors [O’Toole 2010]. An Early representation of the
driverless car was done in this exhibition by Norman-Bel Geddes in 1939. In this exhibi-
tion people saw for the first time, the possibility of having cars without drivers. Although
the idea behind this is really simple in the era we are living now but this could be called
as the start of thinking about this new possibility. Those driverless cars were actually
electric cars powered by circuits embedded in the roadway and controlled by radio.
Actually this happened to be the motivation for GM to use almost the same method in
1950s as GM and RCA experimented with automated cars, using wire buried in pavement
and magnetic pickup coils in cars. The first prototype for this experiment was a 1958
Chevrolet Impala which was used as a test car and then the same technology was used in
two late 50’s concepts.
So far these improvements seemed not to be practical as they needed big changes in
the infrastructure, but they planted the imagination of cars that drive by themselves in
engineers minds. The first practical improvement in this case was the invention of cruise
control which for the first time reduced the human contribution in driving cars. Cruise
control was offered as an option to the customers of Chrysler Imperial in 1958 which was
called Autopilot at that time. This system calculated speed from drive shaft rotations and
varied throttle position with a solenoid. It should be mentioned here that this technology
was invented by the blind mechanical engineer and inventor Ralph R. Teetor et al [Teetor
1961]. He invented modern cruise control out of frustration from being in a car with his
lawyer, who sped up and slowed down constantly while talking.
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Figure 1.1: A street intersection in the City of the Future, Detail of the Futurama exhibit
at the New York World’s Fair
The history of real Autonomous Vehicles starts in 1977, in Tsukuba Mechanical En-
gineering Lab where a car could achieve speeds up to 30 km/h by tracking white street
markers on the road for up to 50 meters autonomously. [Tsugawa et al. 1979]
1980’s can be regarded as the years of dream come true for many who were wait-
ing to see cars driving by themselves, as many different projects were initiated in this
decade and some actually ended up with practical, and realistic results which could be the
beginning of safer and easier driving. Different Autonomous vehicles project were done
during these years in different parts of the world and by different car manufacturers or
universities as research projects, such as: Harunobo-4 in Japan, ALV in the states, ROVA
in the United Kingdom, Optopilot by Volkswagen in Germany and the semi-autonomous
busses by the Daimler-Benz AG. [Graefe and Kuhnerf 1988] In Japan, the first project
of autonomous vehicle was continued by adding a component for obstacle detection in
around 1984 [Tsugawa et al. 1984], but it was discontinued.
“A project called ’Personal Vehicle System’ was started in 1987 by the Ministry of
International Trade and Industry, Nissan, and Fujitsu. Experiments involving an au-
tonomous automobile on a test track were scheduled for 1988.” [Mori et al. 1988]
In 1988, another Japanese autonomous vehicle was tested on roads called Harunobo-4
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Figure 1.2: Autonomous Land Vehicle
from Yamanashi University. Harunobo-4 was a small cart, which was equipped with a TV-
camera, some ultrasonic sensors and a Motorola microcomputer which had a limited power
causing the top speed of the cart to be only about 1 Km/h. A mobile robot strategy called
stereo-typed motion by sign pattern, drawn from a study of lower animals was applied to
the mobile robot Harunobu. [Waxman et al. 1985]
The department of Defence in the USA funded some research activities in the field of
autonomous vehicles. One of these projects was an autonomous vehicle called Autonomous
Land Vehicle (ALV) in 1985. The ALV was constructed by Martin Marietta Aerospace
(Denver), but the visual navigation system which enabled the ALV to perform road follow-
ing tasks was developed by Computer Vision Laboratory of the University of Maryland.
Initial road following tasks was demonstrated on road with no obstacles [Kanade et al.
1986].
The other project was the “NavLab” from the Carnegie Mellon University in 1986.
The primary vehicle used for this project was the Terregator (Terrestrial Navigator),
designed and built at CMU. As shown in the figure the Terregator is a six-wheeled vehicle,
1.6 meters long by 1 meter wide and 0.9 meters tall. The speed of the NavLab was limited
to about 1km/h as a result of the long cycle times of the vision systems, [Turk et al. 1987]
while the ALV performed public road following demonstrations, travelling distances up to
4.5 km at speeds up to 20 km/h along a paved road. [Blackman 1991]
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Figure 1.3: Terragator
Both vehicles were equipped with a multitude of sensors (colour TV-cameras, imaging
laser range finder, sonar and others) and with several very powerful -of that era- computers.
In the United Kingdom the Royal Armament Research and Development Establish-
ment (RARDE) initiated two autonomous vehicle projects in the late 80s. The first one
was called the ROVA (Road Vehicle Autonomous), a 3.5 ton Dodge camper van which
could run autonomously at speeds of 40 km/h on simple obstacle free roads till January
1990. For the mentioned purpose digitised images from a single, industrial quality CCD
video camera were fed to a fifteen transputer array which performed all the necessary cal-
culations, outputting control servo demands via a Transducers Interface Unit. The second
project by the RARDE and eleven full-time industrial collaborators and two universities
was MARDI (Mobile Advanced Robotics Defence Initiative). MARDI was a modified
version of the high mobility STREAKER vehicle which was one of the family of armoured
reconnaissance vehicles which was in service with the British army back in 1980s. Mardi
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was actually controlled by a remote team of a Comprising driver, Commander and tech-
nician communicating with the vehicle either via fiber optic umbilical or microwave radio
links. [Nilsson 1969]
In Germany, there were 3 institutions which operate experimental road vehicles for
research in autonomous mobility. The Optipilot of the Volkswagen AG employs a TV-
camera as a sensor. Selected parts of the image are analysed to find the locations of the
lane markers relative to the vehicle. This information is used to control the steering of
the vehicle. The speed is controlled by a human driver; therefore, the Optipilot does not
provide the ability of completely autonomous driving. The automatic lateral control has
been tested at speeds up to 120 km/h on well, marked roads with large radii of curvature.
The Daimler Benz AG operated for a number of years semi-autonomous busses which
may have followed a predetermined track automatically, guided laterally either mechan-
ically by rails or electronically by buried cables. Such busses were used as test beds for
experiments in autonomous mobility. One of them was equipped with cameras and com-
puters and is now used in experiments involving automatic road following and obstacle
avoidance. [Ulmer 1992]
Among all of these different projects in the field of autonomous vehicles around the
globe, the autonomous vehicle projects done by Ernst Dickmans and his team in the
Universitat der Bundeswehr Munchen in the framework of the eureka Prometheus (1987-
1995) (Program for a European Traffic with Highest Efficiency and Unprecedented Safety)
project the most expensive autonomous vehicle project ever- was the most successful as
they ended up with the fastest fully autonomous vehicle of their time during their first
experience. This project included 4 autonomous vehicles : two commercial vans, VaMoRs
and VITA and two passenger vehicles, VITA 2 and VaMoRs-P which were called the twin
autonomous vehicles.
The goal of this European project was the development of robot with the ability
to drive cars and trucks on ordinary freeways without human intervention. Actually
the project would have been successful even if the driver could have chosen to act as a
proficient co-pilot as well. The robot must be fully autonomous in the sense that no special
installations on the road will be provided (e.g. buried cables, or radio beacons) and that
no external source of computing power will be available. The robot may only utilize those
markings and traffic signs which exist for the convenience of human drivers and it must
coexist with the conventional vehicles driven by humans. [Ulmer 1994]
The experience of driverless cars was initiated by E. Dickmanns in Germany. Ernst
Dieter Dickmanns is a former professor at Bundeswehr University Munich (19752001),
and a pioneer of dynamic computer vision and of driverless cars. Dickmanns has been
visiting professor to CalTech, Pasadena, and to MIT, Boston teaching courses on ’dynamic
vision’. Some US sources compare him to the wright brothers of the field of driverless
cars. E. Dickmanns believed in Machine Vision systems for road vehicle as the solution
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Figure 1.4: VaMoRs
for autonomous vehicles which was done for the first time by Nils J. Nilsson in 1969 at
the Stanford Research Institute. It actually was done as a part of a research project for
applying artificial intelligence techniques to the development of integrated robot systems.
The experiment facility consisted of a computer and associated programs controlling a
wheeled vehicle carrying a TV camera and other sensors. [Dickmanns et al. 1994]
The first autonomous vehicle made by Dickmanns and his team which can be seen in
the above figure, was a 5 ton commercial Mercedes Benz van converted in to a test vehicle
for autonomous mobility and computer vision VaMoRs. It is, in fact, a moving laboratory,
equipped with an electric generator (220 V, 6 kVA) and computer controllable actuators
for accelerator, brakes and steering. It has a number of sensors, e.g. for velocity, angular
velocities, and accelerations. Two Monochrome TV-cameras are mounted on a computer
controllable platform. There are two computers in the vehicle, an IBM IC for vehicle
control and high level vision, and a real-time image processing system, a multi-processor
system designed as an efficient hardware basis for dynamic vision. [Dickmanns et al. 1994]
According to Zapp 88 VaMors was able to follow an unobstructed road and to adjust
its speed according to the curvature of the road ahead of the vehicle. In 1987 numerous
test were successfully completed when it ran autonomously along the entire length of 24
km. [Bishop 1997]
Based on the experiences of the VaMoRs which was a very successful one, Daimler-
Benz started working on an autonomous bus under the framework of the Autonomous
Mobile Systems project as well. The results taken from that experience in 1986 on a 10
ton bus, about the Automatic Lane Keeping capability was used in the next Autonomous
vehicle projects by Daimler-Benz.
The twin brother of VaMoRs was called VITA (Vision Technology Application). Vita
was a Mercedes Benz van D811 which presented the following functions successfully at
Torino 1991:
• Lane Keeping on a road with sharp shadows. The vehicles speed was determined
by the desired velocity or by the reduced speed calculated via the curvature and a
given lateral acceleration
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• Obstacle detection in the lane. Approach and stop behind the stationary obstacle.
Estimation of the distance to and the relative speed of the obstacle
• The Stop+Go mode enabled the vehicle to follow a car in a speed dependant distance
• Lane change to the left or right initialized by the driver (the base function for the
overtaking manoeuvre)
• Intersection detector recognizes the intersections from the configuration of the mark-
ings and determines the distance to it. The speed was adapted
Different universities participated in this project including the university of Munich
who had the very successful partnership experience with Daimler-Benz during the VaMoRs
vehicle. The university of the Armed Forces (UBM), Munich and the Fraunhofer Institute
(IITB) installed operating application on the vehicle, while basic research contributions in
the laboratory state were delivered from the University Bochum and University Paderborn.
All subsystems and the co-pilot computer with different electronic architectures com-
municate via CAN (Controller Area Network). The general objectives in introduction of
a vehicle network (increased reliability and safety, testability...) particularly prominent
in the case of VITA where 22 CAN controllers were installed to transfer all the sensor
and actuator signals. The whole system was included a co-pilot computer, sensors and
two b/w cameras, a PC for the CAN monitoring, and some actuators for brakes, throttle
control and electrical steering. (Bertozzi 2000)
In 1993 the first passenger Autonomous vehicle from Daimler-Benz was demonstrated,
called VITA 2 and under the framework of PROMETHEUS program. This vehicle was
largely under the influence of VITA, but the features were highly improved and some new
features such as collision avoidance system were added to the new vehicle.
The vehicle VITA 2 consisted of a passenger car (Mercedes Benz S-class SEL 500).
The hardware consisted of two clusters of parallel processors. The application cluster
hosts the computer vision, planning, decision and control modules to perform driving
tasks such as: lane keeping with desired speed, reduction of the speed in narrow curves,
obeying the restriction given by the traffic signs, following the vehicles in the front with
adaptive distance control, computer vision based traffic sign recognition, object detec-
tion and recognition around the vehicle and autonomous immediate collision avoidance
manoeuvres including overtaking. All equipment necessary for automated driving in inte-
grated in the vehicle, the computers are installed in the boot. Here, in comparison with
VITA additional to the front looking cameras, lateral cameras and back looking cameras
are installed to interpret the situation around the vehicle. The university partners of this
project were: Armed Forces University in Munich, University of Bochum and C-VIS, and
the University of Koblenz, and the basic driving functions and their perception modules
of VITA2 were as followed:
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Figure 1.5: VaMoRs-P
• Lane keeping
• Distance keeping
• Speed keeping
• Lane change
• Overtaking
• Collision avoidance
• Road detection and tracking forward and backward
• Object detection and tracking forward and backward
• Lateral object detection
• Vision bumper
• israffic sign recognition [Dickmanns 2002] and [Bertozzi et al. 2000]
VITA2 had a twin as well. Another passenger car Mercedes 500 SEL was equipped
with the sense of vision in the framework of the EUREKA- project Prometheus 3, which
was called VaMoRs-P. In fact as a part of the Mercedes-Benz for Autonomous vehicle
research they have done parallel projects with different research partners from differ-
ent universities which apparently could be a result of the large funds available for the
Prometheus project which as mentioned earlier was the most expensive research project
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in the field of autonomous vehicles. And that is the other reason for that each of the men-
tioned projects have got a twin and as can be understood from the names of these vehicles
the passenger cars mentioned above are actually the new phase of the same project as the
vans.
E.D. Dickmanns 1994 says: “with respect to the task of recognizing objects beside
the ego-vehicle in the neighbouring lane the two systems being developed jointly with our
industrial partner Daimler Benz (DB) and other university team are different. While DB
in their vehicle VITA2 rely on another set of six cameras each on each side of the vehicle
for stereo vision [Ulmer 94] we prefer saccadic viewing direction control for the two sets
of cameras on a platform for active vision covering the forward and the rear hemisphere
in connection with the 4-d approach in order to accumulate over the time the information
needed (like humans do by moving their head and eyes). The VaMoRs-P project started
after the 8 year experience of the 5 ton van VaMoRs, based on transputers; it consisted
of two sets of cameras fixed relative to each other on a platform for viewing direction
viewing both behind the front and the rear windshield. At least two miniature CCD-
Cameras was to be used on each platform exploiting the bi- or multifocal mode of vision.
The overall system comprises about 60 transputers T-222 (16 bit, for image processing
and communication) and T-800 (32 bit, for number crunching and knowledge processing).
Beside a PC as a transputer host all other processors in VaMoRs-P were transputers.”
Using the mentioned equipment obstacles were detected and tracked both in the
forward and in the backward viewing range up to 100 meters distance; depending on the
computer power available for that purpose up to 4 or 5 objects could have been tracked in
parallel in each hemisphere. A fixation type viewing direction control with the capability
of saccadic shifts of viewing direction for attention focusing was developed. (Crisman,
Thorpe 1991)
The Prometheus project which is the most expensive autonomous research project
ever, contributed a lot in making the dream of a car which can drive the passengers
without any help from human beings, come true. Some of this projects achievements are
as followed:
More than 3000 km have been driven autonomously on public roads since 1992 with
the two vans VaMoRs and VITA at speeds up to 80 km/h. Based on these results and
experiences VaMoRs-P demonstrated a fully autonomous long distance drive (both lateral
and longitudinal) on the Autobahn from Munich to Odense, Denmark. About 95% of the
distance could be driven without intervention of the safety driver. [Crisman and Thorpe
1991] and, [Kluge and Thorpe 1993]
It should be mentioned here that the idea of truck platooning was based on same
experience on passenger cars under the name PATH which will be introduced later in this
study.
Another one of the branches of the Eureka Prometheus project was called ARGO
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Figure 1.6: Lancia Thema 2000 ARGO Autonomous Vehicle
Figure 1.7: ARGO Control panel
initiated in 1989, an autonomous project done by the Universita De Parma. They used a
Lancia Thema 2000 passenger car. The result of this long term research was demonstrated
to the public in the first week of June 1998 with a journey through Italy, the MilleMiglia
in Automatico tour during which the vehicle drove autonomously for about 2000 km.
The name ARGO derives from the Italian name of two distinct myths related to
navigation and vision. ARGO was the name of the first ship with a name in the history
and Argus means all-seeing in Latin. In ARGO only passive sensors (two cameras and
a speedometer) was used to sense the surrounding environment. A button based control
panel was provided inside the car to anable the driver to modify a few driving parameters,
select the system functionality, issue commands, and interact with the system.
”The Prometheus project involved more than 13 vehicle manufacturers and several
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research units from governments and universities of 19 European countries. Some of the
projects have been introduces earlier in this study. Some more of the projects under the
framework of the Eureka PROMETHEUS will be introduced in the following paragraph:
• Research project on the MOB-LAB vehicle Italy
The MOB-LAB is an open MOBile LABoratory suited to develop and test real-
time systems, by monitoring the trajectory of a vehicle running on extra urban road
by means of computer vision systems. MOBLAB was a Fiat Ducato 18 Maxi and
included:
• B/W and colour TV cameras in front and back of the vehicle
• A control panel for altering the driver
• Two real time digital image processors with different architectures used for analysing
images
• Four sensors on board to measure the longitudinal and transverse components of the
acceleration
• Two PCs for analysing data
• Research in Centro Ricerche FIAT Italy
The LAKE autonomous vehicle was a Lancia Thema passenger car which was aimed
at developing and testing both guidance assistance functionalities and automatic
steering capabilities. Trajectory planning in this vehicle was based on detecting the
road markings using a single standard camera installed behind the upper part of the
windscreen and some sensors and a PC.
The SAVE (system for effective Assessment of the drivers state and Vehicle control
in Emergency situation) was aimed at helping the driver in emergency situations.
SAVE was capable of both detecting driver impairment and performing an emergency
manoeuvre. A laser radar was located inside the front bumper to detect and locate
any obstacles in front of the vehicle.
• Research in Daimler-Benz
Besides VITA and VITA2 and other projects mentioned earlier, Daimler-Benz demon-
strated some other autonomous vehicles. One of these vehicles was the Mercedes-
Benz T-model OSCAR which was built to investigate vision algorithms and control
schemes for robust and comfortable lateral guidance on highways at high speeds.
Based on the transputers technology of the early 90s, OSCAR drove about 10000
km on public highways with maximum speeds up to 180 km/h using conventional
as well as neural controllers. Oscar tracked not only the markings, but also looked
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for structures parallel to the lane. From the algorithm used in this car a lane depar-
ture warning system has been created that has been announced as a commercially
available lane-departure warning system.
In 1995 Daimler-Benz started testing a new concept for autonomous vehicles on
the public highways around Stuttgart called the OTTO-truck. The basic idea of
this new concept was that a manually driven truck was followed by one or more
autonomously guided trucks. To implement this concept, a truck pair was equipped
with high precision vision-based sensor system and the necessary actuators. To
accomplish this task OTTO measures the distance to the vehicle in front by looking
at known markers. An infrared light-pattern was used as well as two checker-board
markings. In the late 90s OTTO was replaced by a heavy duty truck (40 ton) within
the European chauffer project.
The UTA(Urban Traffic Assistant) aimed at an intelligent stop and go for inner city
traffic, which is now available on some model from this company.
• Research at the Laboratoire Central des Ponts-et-Chaussees de Strasbourg France
The main aim of this research group was not the development of an autonomous
vehicle but the design of an image processing method to be implemented on an
automatic repainting module for road marking recovery.
The 1980s could be remembered as the year that scientists and car manufacturers
started implanting the idea of autonomous vehicles in to reality and 1990s could be
called the era that the possibility of having and using such a technology was believed
and even accepted as a very functional way for increasing the safety of the roads
and reducing the number of death toll in car accidents.
Many of the improvements in Europe has been mentioned in this study till now as
they have actually initiated huge research programs on the autonomous vehicles, but
it should be mentioned that some serious actions started taking place in the States
during these years, as well as Japan.
In the United States a great deal of initiatives were launched to deal with the mobility
problem, involving many universities, research centres, and automobile companies
which have been mentioned earlier. After this pilot phase, in 1995 the US government
established the National Automated Highway System Consortium (NAHSC).(Kluge,
Thrope 1993)
Similarly to what happened in the US, in 1996 the advanced cruise-Assist Highway
System Research Association (AHSRA) was established amongst a large number of
automobile industries and research centres, which developed different approaches to
the problem of automatic vehicle guidance. (Jochem et al. 1993)
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Fully on-board autonomous vision systems for vehicle guidance with digital micro-
processors started in the early 80ies completely independently in Germany on high
speed roads and in the USA in the frame work of the DARPA-initiative on strategic
computing. In the huge frame work of the latter, there was one application area for
Autonomous Land Vehicles.(Pomerleau, Jochem 1996)
The above statement indicates the difference between the research trends in au-
tonomous vehicles in the United States and Europe. The following is some of the
project on Autonomous vehicles in the US which were mostly base on control laws
for controlling the vehicle.
The NavLab project by Carnegie Melon University, which was introduced earlier in
this study, is one of the first and most important autonomous vehicle projects in the
United States. This project was actually a series of autonomous vehicles under the
name NavLab, initiated in 1984 and improved by the use and adding newer software
packages or road following and detection systems mostly based on vision. A list of
some of these systems used on the NavLab is mentioned below:
• SCARF (Supervised Classification Applied to Road Following):
This is system was based on the use of a colour camera and on the assumption that
the road would be homogenously coloured. It relied on the use of a road model and
had the capability to handle unstructured roads. (Farkas et al. 1997)
• YARF (Yet Another Road Follower):
The use of a number of models for each automotive environment allows this system
to face different situations such as highways, freeways, and also rural roads. When
working on structured roads the use of colour information allows for the classification
of lane markings. (Beauvais 1997)
• ALVINN (Autonomous Land Vehicle In a Neural Net):
This system is based on a neural net approach. Thanks to a training phase based
on a large set of images, the system is able to follow the road. The input images are
filtered to enhance the road and are reduced to speed up the processing. [24]
• RALPH (Rapidly adapting Lateral Position Handler):
RALPH is the latest and most promising approach and was implemented on the
NavLab5 vehicle. It was equipped with: a portal computer for processing, a colour
CCD camera installed behind the windscreen near the rear-view mirror, a range
finder used for obstacle detection, and a GPS system for determining the vehicles
speed. (Tounsi et al. 1996)
The Ohio State University in the United States has developed three automated
vehicles demonstrating:
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• Advanced cruise control
• Automated steering control for lane keeping
• Automated stoping
• Lane changes
• And other autonomous behaviours in presence of other vehicles
These vehicles are equipped with a number of different sensors in order to imple-
ment both data fusion and fault detection techniques. Two of these vehicles were
demonstrated at the National Automated Highway system Consortium (NAHSC)
1997 Technical Feasibility Demonstration in SAN Diego, California, during August
7-10 1997. (Den Hartog 1949) and (Horn 1983)
The researchers in the University of Michigan, United States developed the AR-
CADE (Automated Road Curvature And Direction Estimation) for road boundary
determination. This experience led them to the MOSFET vehicle (Michigan Offroad
Sensor Fusing Experimental Testbed) which was an autonomous vehicle developed
at the Electrical and Computer Engineering Department of the University of Michi-
gan for navigating in unknown terrains. MOFSET was equipped with three colour
cameras and a bank of sonars. The system extracts information from each individ-
ual sensor and then fuses them, also using the temporal correlation amongst sensed
data. (Nelson 1989)”
In the following section autonomous vehicles will be studied from a mathematical
point of view.
1.1.2 Path Planning (Trajectory Generation)
Path or trajectory planning is a part of control, in which we plan a path followed by
the robot in a planned time profile. An autonomous mobile robot, has to be able to
analyse sensor information and plan its tasks. When the realization of a task requires a
displacement, the robot plans a path and follows it. A trajectory is obtained by associating
a velocity law to a curve.
During a displacement task, the mobile robot has to follow a path, defined by a set
of robot postures, with a specific velocity law and these postures depend on its position
and orientation. If the robot moves in a plane, its posture P is defined, by three variables
(x, y, θ).
The first step for path planning is to find a geometric curve which connects the initial
and the final postures of the robot. Any curve in a 2D Cartesian coordinate system can
be defined using a parameter S.
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(x, y) = (x(s), y(s)) (1.1)
Where S is assumed to be the length along the curve from a point P0 on it. The
orientation θ is defined as the tangent direction of the point (x(s), y(s)).
θ(s) = tan−1
(dy
dx
)
= tan−1
( dy
ds
dx
ds
)
(1.2)
The curvature c(s) of a curve is the derivative of the direction θ of the tangent in
respect to the length s.
c(s) =
dθ(s)
ds
(1.3)
A curvature function has an important meaning, because, if a curvature c(s) and
boundary values (x, y, θ) at (s = 0) are given, the curve is uniquely defined by:
x(s) = x0 +
∫ s
0
cos[θ0 +
∫ v
0
C(u) du] dv (1.4)
y(s) = y0 +
∫ s
0
sin[θ0 +
∫ v
0
C(u) du] dv (1.5)
If the path presents strong variations of the curvature in some points, it can bring
about a slip movement of the wheels, since the lateral speed of the wheels directly de-
pends on curvature. In order to avoid this problem, the path must have a continues
curvature. That is why several researchers have studied different types of curves and their
implementation for robotics. (Komoriya, Tanie 1989)
Den Hartog in (Kanayama, Miyake 1985) proved that in a thin beam, curvature at
a point is proportional to the bending moment. The total elastic energy stored in a thin
beam is therefore proportional to the integral of the square of the curvature.
Based on his theory B.K.P. Horn (Kanayama, Hartman 1989) believes that the curve
which passes through two specified points with specified orientation while minimizing
 =
∫
k2ds (1.6)
where k is the curvature and s the arc distance, has a number of interesting applica-
tions.
There are many different curvatures to choose from, and many different methods to
achieve them. Reza N. Jazar (Jazar 2010) has mentioned some of the existing methods for
deriving the curvature for the path, which seems the easiest to understand. The following
is a brief description of these methods:
The task for the path planning in this study is to define a geometric curve for the
end-effector between two points.
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Cubic Path
”A cubic function is the simplest polynomial to determine the time behaviour of a variable
between two given values, rest-to-rest.
A cubic path in joint space for the joint variable q(t), or in Cartesian space for a
Cartesian coordinate q(t), between two points q(t0) and q(tf ) is:
q(t) = a0 + a1t+ a2t
2 + a3t
3 (1.7)
where,
a0 = −q1t0
2(t0 − 3tf ) + q0tf 2(3t0 − tf )
(tf − t0)3 − t0tf
q0tf + q1t0
(tf − t0)2 (1.8)
a1 = 6t0tf
q0 + q1
(tf − t0)3 +
q0tf (tf
2 + t0tf − 2t02) + q1t0(2tf 2 − t0tf − t02)
(tf − t0)3 (1.9)
a2 = −q0(3t0 + 3tf ) + q1(−3t0 − 3tf )
(tf − t0)3 +
q0(2tf
2 − t0tf − t02)− q1(tf 2 + t0tf − 2t02)
(tf − t0)3
(1.10)
a3 :=
2q0 − 2q1 + q0(tf − t0) + q1(tf − t0)
(tf − t0)3 (1.11)
And,
q(t0) = q0 q(tf ) = qf (1.12)
Proof. A cubic polynomial has four coefficients. Therefore it can satisfy the position
and velocity constraints at the initial and final points. For simplicity, we call the value of
the variable, the Position, and the rate of the variable, the velocity. Assume that the final
time tf is given as the above.
Substituting the boundary conditions in the position and velocity equations of the
joint variable
q(t) = a0 + a1t+ a2t
2 + a3t
3 (1.13)
q˙(t) = a1 + 2a2t+ 3a3t
2 (1.14)
generates four equations for the coefficient path
1 t0 t0
2 t0
3
0 1 2t0 3t0
2
1 tf tf
2 tf
3
0 1 2tf 3tf
2
 =

a0
a1
a2
a3
 =

q0
q0
qf
qf
 (1.15)
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In case that t0 = 0, the coefficients simplify to
a0 = q0 (1.16)
a1 = q0 (1.17)
a2 =
3(qf − q0)− (2q0 + qf )tf
tf 2
(1.18)
a3 =
−2(qf − q0)− (q0 + qf )tf
tf 3
(1.19)
It is also possible to employ a time shift and search for a cubic polynomial of the
form”
q(t) = a0 + a1(t− t0) + a2t(t− t0)2 + a3(t− t0)3 (1.20)
Polynomial Path
The number of required conditions determines the degree of polynomial for q = q(t). In
general, a polynomial path of degree n,
q(t) = a0 + a1t+ a2t
2 + ...+ ant
n (1.21)
needs n + 1 conditions. The conditions may be of two types: positions at a series of
points, so that the trajectory will pass through all specified points; or position, velocity,
acceleration, and jerk at two points, so that the smoothness of the path can be controlled.
The problem of searching for the coefficient of the polynomial reduces to a set of linear
algebraic equations and may be solved numerically. However, the path planning can be
simplified by splitting the whole path in to a series of segments and utilizing combinations
of lower order polynomials for different segments of the path. The polynomials must then
be joined together to satisfy all the required boundary conditions.
Non-Polynomial Path Planning
A path of motion in either joint or Cartesian spaces may be defined based on different
mathematical functions. Harmonic and cycloid functions are the most common paths.
q(t) = a0 + a1cos(a2t) + a3sin(a2t) (1.22)
q(t) = a0 + a1t− a2sin(a3t) (1.23)
However, we may also use the other function approximate methods such as Fourier,
19 (June 24, 2015)
CHAPTER 1: INTRODUCTION
q(t) =
A0
2
+
∞∑
n=1
(Ancosnx+Bnsinnx) (1.24)
A0 =
1
pi
∫ pi
−pi
q(t)dt (1.25)
An =
1
pi
∫ pi
−pi
q(t)cos(nx)dt (1.26)
Bn =
1
pi
∫ pi
−pi
q(t)sin(nx)dt (1.27)
Legendre,
qn(t) =
n∑
i=0
Li(t)t(ti) (1.28)
Li(t) =
n∏
j=0,j 6=i
t− tj
ti − tj i = 0, 1, 2, ..., n (1.29)
Chebyshev,
qn+1(t) = 2tqn(t)− qn−1(t) (1.30)
q0(t) = 1 q1(t) = t (1.31)
Finding the Suitable Curve for an Application
The methods mentioned above are actually mostly focused on satisfying the boundary
conditions and the direction of the robot at the start and the end postures or some known
postures on the way to the destination. As mentioned earlier different researchers have
preferred different curvatures which could satisfy the boundary conditions as well as their
specific goal of the research which in most cases was generating a smooth path for the
robot. ”The paths followed by Autonomously Guided Vehicles (AGVs) are generally made
up of line and circular-arc segments. For most AGVs the steering functions required to
keep the position and heading of the cart continuously aligned with such paths have
discontinuities at the line-arc-line transition points, because the curvature of the path is
discontinues at these points.” (Segovia et al. 1991)
”Trajectory design is one of the bases of autonomous control of mobile robots. Sev-
eral trajectory design methods have been presented using simple curve elements, such as
straight lines, circles, clothoids, and their combinations. It is important that a trajectory
forms a smooth curve because the mass of a robot must move along the designed curve.
If the curve is not smooth enough, undesirable effects occur such as side slip or deviation
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from the course at points where the curvature along the curve is not continuous. The his-
tory of trajectory design can be viewed as attempts to avoid this inconvenience by using
smoother curves.” (Tournassoud 1988)
Kanayama [Kluge and Thorpe 1993], believes that in designing a curve, the usage
of clothoids makes curvature control feasible. They used a clothoid pair to make curves
with zero curvature at their junctures with line segments in order to produce continuous
drive-velocity functions for a differential drive cart. Clothoid pairs have the advantage of
providing the minimum-length curves for a given limit on jerk; they have the disadvantage,
however, that the (x, y) coordinates of the curve have no closed-form expressions, but
must be derived by integrating along the path length, s, with the curvature c(s) linearly
increasing from zero during the first half of the turn, then linearly decreasing to zero
during the second half, in such a way the end-point of the curve precisely matches the
position and slope constraints of the succeeding line segment.
A second type of continuous curvature curve is the ”cubic spiral”, proposed by
Kanayama and Hartman (Takahashi 1989). It provides an optimally smooth path for
turns, in the sense of minimizing the integral-square-jerk on a vehicle moving through the
turn at constant speed. While somewhat simpler to generate than the clothoid pair, it
shares its disadvantage of lacking a closed-form expression for the curve coordinates.
Nelson believes that ”if smooth curves can be generated as explicit functions that
match the boundary conditions exactly, and are not much more complicated to generate
than circular arcs, then they become more attractive to use for generating AGV paths.”
He has described two of such path curves in (Jazar 2010). Single Polar Polynomials (SPP)
or polar spline curves for arc turns, and Single Cartesian Polynomial (SCP) curves for lane
changes. They provide continuous curvature transitions across the line curve junctions,
and are reasonably simple polynomial functions with coefficients determined explicitly by
the end point parameters. The SPP curves have the endpoint advantage of providing
near-optimally smooth paths, and are generally preferable to multi-segment polar splines,
except for large angle arc turns on paths where it is important for the curves to remain
close to circular arcs.
In the above mentioned document, Nelson generated the path for two different ma-
noeuvres for the robot, including lane change manoeuvre and arc turns. By arc turns he
means curves that produce a smooth transition between lines intersecting at an arbitrary
turn angle, and are symmetric with respect to the line bisecting the angle. ”To obtain
a curve that does not deviate too far in shape from the circular arc it will replace, and
yet satisfies the position, heading, and curvature constraints imposed at the start and end
points, the coordinates of the curve should be chosen so that the independent variable
changes relatively uniformly in respect to the distance along the curve, regardless of the
total angle. It seems appropriate therefore to consider polar coordinates, with the curve
specified by the polar radial, r, as a polynomial function of the polar angle, φ, with the
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general form,
r(φ) = a0 + a1φ+ a2φ
2 + a3φ
3 + a4φ
4 + ... (1.32)
Where the number of terms needed depends on the number of conditions imposed.
Consider the following as the conditions for the position, slope, and curvature on the
polynomial:
r = R r˙ = 0 k = 0 at φ = 0 (1.33)
r = R r˙ = 0 k = 0 at φ = θ (1.34)
where, r˙ = drdφ and k is the curvature of r. The general expression for curvature of any
curve is:
K =
dθ
ds
(1.35)
where s is the path length variable and θ is the angle of the tangent to the path. For a
path defined in polar coordinates (r, φ), the tangent angle can be expressed as,
θ =
pi
2
+ φ− tan−1( r˙
r
) (1.36)
Differentiating the above with respect to φ gives
dθ
dφ
= 1− rr¨ − r˙
2
r2 + r˙2
(1.37)
The infinitesimal change in path length, ds, is given in polar form by
ds = (r2 + r˙2)1/2dφ (1.38)
Using the above equations in the curvature equation yield the desired expression for
the curvature, namely:
k =
r2 + 2r˙2 − rr¨
(r2 + r˙2)3/2
(1.39)
Using the constraints in the above formula will give us the single polar-polynomial
(spp) curve for the desired fit between line segments as the following:
r(φ) = r[1 +
φ2
2
− φ
3
θ
+
φ4
2θ2
] (1.40)
The (x, y) coordinates of the SPP curve are given by x = rcosφ and y = rsinφ.
A comparative study has been done among three different methods. These methods
include:
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Figure 1.8: Comparative study of using three different curves for connecting straight lines
1. Using a Clothoid curve which ends up to be the Time-Optimal solution as well as
giving a continuous curvature path for the problem of connecting two straight lines
with a curve.
2. The other method used for the comparison is Nelsons Polar Polynomial which has
been covered earlier in this study
3. The last method here which has been developed by the authors is Beziers polynomials
which are defined by a set of points which form a characteristic Polygon. The author
believes that by using the Beziers curves one can directly use the passing points,
while for the paths composed by circular arcs or polar polynomials, junction points
must be calculated in order to produce the curve.
Takahashi suggested another method which is based on minimizing the cost function
to constrain the robots sudden acceleration change (jerk). ”The difference between this
method and the previous ones is in the way the curvature function has been chosen and
used. Finding the curvature function based on the boundary conditions, or based on the
predetermined curves has been covered earlier. Tkahashi believes: ”in positioning, the
local path must be planned to satisfy the following requirements:
First, the executing time of the local path planning method must be short enough to
control the robot in real time.
Second, the curvature and velocity of the planned local path must be time-continuous.
Therefore, the local path planning method using lines and arcs is not optimal for the
positioning.
Third, the planning method must generate the local path which is optimized even
if there is a velocity change, because in positioning the robot must decelerate the speed
and then stop. Therefore, methods using the interpolation functions (i.e. spline functions,
clothoid functions) are not optimal in positioning. This is because these methods make
the curvature of the local path continuous only at a constant velocity.”
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The following is the theory explanation of the motion control method for mobile
robots using jerk as the cost function:
”Defining the cost function of jerk, the local path is obtained as function constraining
the sudden acceleration change. The cost function C is defined as the time integral of the
square of jerk when the robot moves between the two positions within the time interval
T .”
c =
1
2
∫ T
0
Ldt (1.41)
where the performance index L is:
L = (
d3x
dt3
)2 + (
d3y
dt3
)2 (1.42)
”Here, x and y indicate the robot’s position componenets on the x − y coordinate
system fixed on the ground. The problem is to deduce the local path (x(t), y(t)) minimizing
the cost function C.
For any functions x and y which are sufficiently differentiable in the interval 0tT , the
cost function C is analytically assumed to be an extremum when x(t) and y(t) are the
solution of the following Euler equations.”
∂L
∂x
− d
dt
(∂L
∂x
...+
(−1)ndn
dtn ∂L
∂(xn)
= 0 (1.43)
∂L
∂y
− d
dt
(∂L
∂y
...+
(−1)ndn
dtn ∂L
∂(yn)
= 0 (1.44)
From these equations and the performance index L, the following equations are de-
duced.
d3
dt3
∂(x...2)
∂(x...)
= 0 (1.45)
d3
dt3
∂(y...2)
∂(y...)
= 0 (1.46)
then
d6x
dt6
= 0 (1.47)
d6y
dt6
= 0 (1.48)
From the above differential equations, the following equations are derived.
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f(x) =
x(t) = a0 + a1t+ a2t2 + a3t3 + a4t4 + a5t5y(t) = b0 + b1t+ b2t2 + b3t3 + b4t4 + b5t5 (1.49)
Resulting solutions (x(t), y(t)) that minimize the time integral of the square jerk are
represented by fifth order polynomials. In other words, the robot can constrain the sudden
acceleration change using the local path presented by fifth polynomials. Additionally, the
first deriviate and second deriviate of the fifth polynomials are continuous, so that the
requirements of the continuous curvature and velocity are satisfied.”
There are some other approaches to the problem. One of the most studied approaches
is to try to find the best curve for energy minimization. Following the mentioned approach
B.K.P. Horn in have tried to find a curve which connects two points (−1, 0) and (1, 0) in
the xy plane with vertical orientation at both points. In order to getting the expected
results he has started the study with connecting the two mentioned points with a semicircle
and then numerically calculate the curvature, arc length and the arc height. In the next
step he replaces the semicircle with two circular arcs and compares the numerical results.
Following this strategy, he found the numerical result for the mentioned variables using,
Ellipse, Multiarc (a smooth curve constructed out of n arcs), and Cornu Spiral. In all these
cases he actually focused on minimizing the square of curvature with fixed end points.
C =
∫
k2ds =
∫
(xuyuu − yuxuu)
(xu2 + yu2)
5
2
du (1.50)
He ended up with the following as the optimum curve for his study:
k2 = µcos(φ− φ0) (1.51)
Bruckstein, in [41] used the following as the function as he believed the previous one
was scale dependent:
C =
∫
k2ds =
∫
ds
∫
k2ds (1.52)
where L is the length of the curve. He found that curves of equation:
k2 = µcos(φ− φ0) + v (1.53)
were the solution which includes circles.
All the above mentioned are the effort for finding the most suitable path for mobile
robots, but there has been only a little work done for vehicles in this regard. The difference
here is in the physical orientation of the machine. Mobile robots are usually consisting
of 3 wheels max and you do not see them travellings fast as a car. They also do not
include all the complications of the tires and suspension systems. Some other factors need
to be considered in the case of vehicles, as there are many other constraints such as, ride
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comfort, steering ability of the vehicle and ... . The best curve for the vehicles to travel
on is believed to be the Clothoids, for the reasons explained in the next section. In the
next section Clothoids, their different types and applications are mentioned. A sample
road has been designed using Clothoid sections to clarify the design of roads as well.
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Clothoid
2.1 Clothoid
Studies on autonomous robots and specifically, path generation and trajectory for mobile
robots, mentioned in the previous section highlighted the important criteria for an appro-
priate sample road section. Clothoid or ”Cornu Spiral”, Also known as ”Euler’s Spiral”
have been introduced as the answer to finding the best transition curve. The transition
part is where most of the researchers referred to this type of planar curve as the answer
for getting the smoothest ride possible.
Primary function of a transition curve or easement curve is to accomplish gradual
transition from a straight line to a circular curve, so that curvature changes from zero to
a finite given value.
To call a spiral between a straight and a curve as a valid transition curve, it has to
satisfy the following conditions:
• One end of the spiral should be tangential to the straight
• The other end should be tangential to the curve
• Spiral’s curvature at the intersection point with the circular arc should be equal to
arc curvature
• The rate of change of curvature along the transition should be same as that of the
increase of cant
• Its length should be such that full cant is attained at the beginning of circular cant
As mentioned earlier plenty of research has been conducted in the case of mobile
robots, in order to generate the smoothest paths possible. The problem appeared for the
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first time when some group of researchers started thinking of ways for a robot to move
without having to stop for changing its direction.
Path or trajectory planning is a part of control, in which we plan a path followed
by the robot in a planned time profile. An autonomous mobile robot, has to be able to
analyse sensor information and plan its tasks. When the realization of a task requires a
displacement, the robot plans a path and follows it. A trajectory is obtained by associating
a velocity law to a curve.
During a displacement task, the mobile robot has to follow a path, defined by a set
of robot postures, with a specific velocity law and these postures depend on its position
and orientation. If the robot moves in a plane, its posture P is defined, by three variables
(x, y, θ).
The first step for path planning is to find a geometric curve which connects the initial
and the final postures of the robot. Any curve in a 2D Cartesian coordinate system can
be defined using a parameter S.
(x, y) = (x(s), y(s)) (2.1)
Where S is assumed to be the length along the curve from a point P0 on it. The
orientation θ is defined as the tangent direction of the point (x(s), y(s)).
θ(s) = tan−1(
dy
dx
) = tan−1(
dy
ds
dx
ds
) (2.2)
The curvature c(s) of a curve is the derivative of the direction θ of the tangent in
respect to the length s.
c(s) = (
dθ(s)
ds
) (2.3)
A curvature function has an important meaning, because, if a curvature c(s) and
boundary values (x,y, θ) at (s = 0 ) are given, the curve is uniquely defined by:
x(s) = x0 +
∫ s
0
cos(θ0 +
∫ v
0
C(u) du) dv (2.4)
y(s) = y0 +
∫ s
0
sin(θ0 +
∫ v
0
C(u) du) dv (2.5)
If the path presents strong variations of the curvature in some points, it can bring
about a slip movement of the wheels, since the speed of the wheels directly depends on
curvature. In order to avoid this problem, the path must have continues curvature. That
is why several researchers have studied different types of curves and their implementation
for robotics. [Crisman and Thorpe 1991] , [Xia et al. 2006], [Pomerleau and Jochem 1996],
[Farkas et al. 1997], [Beauvais et al. 1997], and [Tounsi and Le Corre 1996].
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Den Hartog in [Den Hartog 2012] proved that in a thin beam, curvature at a point
is proportional to the bending moment. The total elastic energy stored in a thin beam is
therefore proportional to the integral of the square of the curvature.
Based on his theory B.Horn [Horn 1983] believes that the curve which passes through
two specified points with specified orientation while minimizing
 =
∫
k2 ds (2.6)
Where k is the curvature and s the arc distance has a number of interesting appli-
cations. The above mentioned theory has been used in two areas of research for mobile
robots path generation. Some researchers have defined it as the criteria of smoothness and
have tried many different curves which would minimize , in hopes to find the smoothest
curves to be used as the path for a mobile robot moving in a turn. A second group of re-
searchers have used the same definition as criteria for finding the path with the minimum
energy. The following are some of the examples:
2.1.1 Finding the suitable curve for an application
The paths followed by Autonomously Guided Vehicles (AGVs) are generally made up of
line and circular-arc segments. For most AGVs the steering functions required to keep
the position and heading angle of the cart continuously aligned with such paths have
discontinuities at the line-arc-line transition points. This is because the curvature of the
path is discontinues at these points. [Nelson 1989]
Trajectory design is one of the bases of autonomous control of mobile robots. Sev-
eral trajectory design methods have been presented using simple curve elements, such as
straight lines, circles, clothoids, and their combinations. It is important that a trajectory
forms a smooth curve because the mass of a robot must move along the designed curve.
If the curve is not smooth enough, undesirable effects occur such as side slip or deviation
from the course at points where the curvature along the curve is not continuous. The his-
tory of trajectory design can be viewed as attempts to avoid this inconvenience by using
smoother curves. [Komoriya and Tanie 1989]
Kanayama [Kanayama and Hartman 1990] believes that including Clothoids in de-
signing a curve, makes curvature control feasible. They used a clothoid pair to make curves
with zero curvature at their junctures with line segments in order to produce continuous
drive-velocity functions for a differential drive cart. Clothoid pairs have the advantage of
providing the minimum-length curves for a given limit on jerk; they have the disadvan-
tage, however, that the (x, y) coordinates of the curve have no closed-form expressions,
but must be derived by integrating along the path length, s, with the curvature c(s) lin-
early increasing from zero during the first half of the turn, then linearly decreasing to zero
during the second half, in such a way the end-point of the curve precisely matches the
position and slope constraints of the succeeding line segment.
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Figure 2.1: Comparative study of using three different curves for connecting straight lines
A second type of continuous curvature curve is the cubic spiral, proposed by Kanayama
and Hartman (Kanayama, Hartman 1989). It provides an optimally smooth path for turns,
in the sense of minimizing the integral-square-jerk on a vehicle moving through the turn
at constant speed. While somewhat simpler to generate than the clothoid pair, it shares
its disadvantage of lacking a closed-form expression for the curve coordinates.
In [Segovia et al. 1991] a comparative study has been done among three different
curves to find the best to be used as a transition curve. These methods include:
• Using a Clothoid curve [Tournassoud 1988] which ends up to be the Time-Optimal
solution as well as giving a continuous curvature path for the problem of connecting
two straight lines with a curve.
• The other method used for the comparison is Nelsons Polar Polynomial [Nelson
1989]
• The last method which has been developed by the authors is Beziers polynomials
which are defined by a set of points which form a characteristic Polygon. The
author believes that by using the Beziers curves one can directly use the passing
points, while for the paths composed by circular arcs or polar polynomials, junction
points must be calculated in order to produce the curve. [Bruckstein and Netravali
1990]
The above mentioned is illustrated in figure 2.1, which proves the clothoid to be the
time-optimal transition curve besides providing the smoothest ride.
2.1.2 History of Euler Spiral
In the previous section some history of using Cornu spirals was presented which is not the
total history of these kind of planar curves. Cornu Spirals were found for the first time,
long before being used for path generation for different applications.
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Figure 2.2: Euler Spiral
Euler Spiral, is beautiful and useful curve known by several other names, including
”Clothoid” and ”Cornu Spiral.” The underlying mathematical equation is also most com-
monly known as the Fresnel Integral. The profusion of names reflects the fact that the
curve has been discovered several different times, each for a completely different applica-
tion: first, as a particular problem in the theory of elastic springs; second, as a graphical
computation technique for light diffraction patterns; and third, as a railway transition
spiral which is the closest application to the interest of the topic of this thesis.
The Euler spiral is defined as the curve in which the curvature increases linearly with
arc length. Equations 4 and 5 show the general form of the parametric equation of this
curve, which are known as the Fresnel integrals.
Considering curvature as a signed quantity, it forms a double spiral with odd sym-
metry, a single inflection point at the center, as shown in figure 2.2. The first appearance
of the Euler spiral is as a problem of elasticity, posed by James Bernolli in the same 1694
publication as his solution to a related problem, that of elastica.
The elastica is the shape defined by an initially straight band of thin elastic material
(such as spring metal) when placed under load at its endpoints. The Euler spiral can be
defined as something of the inverse problem; the shape of a pre-curved spring, so that
when placed under load at one endpoint, it assumes a straight line, as shown in figure 2.3.
In 1744, Euler rephrases the problem as: What shape must the lamina amB -see
figure 2.4- take so that it is flattened in to an exactly straight line when the free end is
pulled down by weight p?
The answer derived by Euler appeals to the simple theory of moments: The moment
at any point M along the lamina is the force p times the distance s from A to M.
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Figure 2.3: The Elastica problem- figure drawn by Euler
Figure 2.4: Reconstruction of Euler’s figure, with complete spiral superimposed
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The curvature of the curve resulting from the original shape stressed by force p is
equal to the original curvature plus the moment Ps divided by the lamina’s stiffness Ek
2.
Since this resulting curve must be a straight line with curvature zero, the solution for the
curvature of the original curve is κ = −Ps(Ek2)−1. Euler flips the sign for the curvature
and groups all the force and elasticity constants into one constant a for convenience,
yielding 1/r = κ = s/a.
From this intrinsic equation, Euler derives the curve’s quadrature (x and y as a
function of the arc length parameter s), giving equations for the modern expression of the
curve:
x =
∫
sin
ss
2aa
ds & y =
∫
cos
ss
2aa
ds (2.7)
It took Euler about thirty-eight to solve the problem of the integral’s limits. In his
1781 ”On the values of integrals extended from the variable term x=0 up to x = ∞,
he finally gave the solution, which he had ”recently found by a happy chance and in an
exceedingly peculiar manner”, of x = y = a√
2
√
pi
2 .
Around 1818, Augustine Fresnel considered a problem of light diffracting through a
slit, and independently derived integrals equivalent to those defining the Euler spiral. At
the time, he seemed to be unaware of the fact that Euler (and Bernoulli) had already
considered these integrals, or that they were related to a problem of elastic springs. Later,
this correspondence was recognized, as well as the fact that the curves could be used as
graphical computational method for diffraction patterns.
The third completely independent discovery of the Euler spiral is in the context of
designing railway tracks to provide a smooth riding experience. Over the course of the 19th
century, the need for a track shape with gradually varying curvature became clear. Arthur
Talbot was among the first to approach the problem mathematically, and derived exactly
the same integrals as Bernoulli and Fresnel before him. His introduction to ”The Railway
Transition Spiral” [Talbot 1912] describes the problem and his solution articulately:
A transition curve, or easement curve, as it is sometimes called, is a curve of varying
radius used to connect circular curves with tangents for the purpose of avoiding the shock
and disagreeable lurch of trains, due to the instant change of direction and also to the
sudden change from level to inclined track. The primary object of the transition curve,
then, is to affect smooth riding when the train is entering or leaving a curve.
The generally accepted requirement for a proper transition curve is that the degree of
curve shall increase gradually and uniformly from the point of tangent until the degree of
the main curve is reached. In addition to this, an acceptable transition curve must be so
simple that the field work may be easily and rapidly done, and should be so flexible that it
may be adjusted to meet the varied requirements of problems in location and construction.
”The Transition Spiral is a curve whose degree-of-curve increases directly as the dis-
tance along the curve from the point of spiral.”
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2.1.3 Clothoids in Road Design
The main area of interest in the existing study is the use of these type of planar curves
in designing roads. Roads are made by continuously connecting straight and circular
paths by proper transition turning sections. The transition curve in represented by the
Euler spiral curve applied to effect the transition between two circular curves or between
a circular curve and a tangent.
The transition curve will:
• Provide a linear gradual increase or decrease of the centrifugal acceleration for the
transition from one design element to the other when passing through curves
• Serve as a transition section for a convenient desirable arrangement for the superel-
evation runoff
• Make possible through the gradual change of the curvature a consistent alignment
and through this a consistent operating speed
• Create a satisfactory optical appearance of the alignment
It is known today, based on the experience of the past 50 years, that the alignment of
modern highways has to be consistent and efficient from a driving dynamic and convincing
from a driving psychological point of view. In this connection the Clothoid, as a transition
curve, offers good solutions.
The clothoid satisfies esthetical solutions and by being flexible, enables a good adap-
tation to the topography and existing local constraints. The clothoid guarantees for motor
vehicles an economically efficient ride, and saves, through its appropriate insertion into
the local environment, considerable construction costs. [Lamm et al. 1999]
As mentioned earlier the clothoid spiral is the best smooth transition connecting curve
in road design which is expressed by parametric equations called Fresnel Integral :
X(t) = a
∫ t
0
cos(
pi
2
u2) du (2.8)
Y (t) = a
∫ t
0
sin(
pi
2
u2) du (2.9)
The curvature of the clothoid curve varies linearly with arc length and this linearity
makes clothoid the smoothest driving transition curve. The scaling parameter a is only a
magnification factor that shrinks or magnifies the curve. The range of t determines the
variation of curvature within the clothoid, as well as the initial and final tangent angles
of the clothoid curve. The arc length, s, of a clothoid for a given value of t is
s = at (2.10)
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If the variable t indicates time then, a would be the speed of motion along the path.
The curvature k and raius of curvature R of a clothoid at a given t is
k =
pit
a
(2.11)
R =
1
k
=
a
pit
(2.12)
The tangent angle θ of a clothoid with a given value t is
θ =
pi
2
t2 (2.13)
Having a road with linearly increasing curvature is equivalent to entering the path
with a steering wheel at the neutral position and turning the steering wheel with a constant
angular velocity. This is a desirable and natural driving action. One of the most common
scenarios, for when to use clothoids in road design is for connecting a straight road to a
circle. The following is an example, for the mentioned scenario. [Takahashi et al. 1989],
[Jazar 2010], [Nelson 1989], [Komoriya and Tanie 1989], [Kanayama and Hartman 1990],
[Segovia et al. 1991], [Jazar 2008]
Connecting a straight road to a circle using a Clothoid
Assume that we need to define a clothoid road to connect a straight line to a circle. In
other words we need to find a clothoid which has a zero curvature to start with, and
meet up with a circular curve at the end which means it need to have the same curvature
as the curve at the end point. For simplifying we can assume the straight part of the
road is the X -axis, and then if needed transfer or rotate it to the required place and
orientation. the circle used in this example have a radius of R=100m at the center point
C(62.811,106.658).
(X − 62.811)2 + (Y − 106.658)2 = 1002 (2.14)
As mentioned earlier the transition road must begin with k=0 on the X -axis and
touch the circle at a point when its curvature is k=1/R=1/100. Using
k =
pis
a2
=
pit
a
(2.15)
one can write the parametric equation of the clothoid to be used as the following:
X(t) = a
∫ ka
pi
0
cos(
pi
2
u2) du (2.16)
Y (t) = a
∫ ka
pi
0
sin(
pi
2
u2) du (2.17)
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Knowing the curvature at the end point of the clothoid, k=0.01, we can find the
coordinates of the end point as a function of a.
X(t) = a
∫ 0.01a
pi
0
cos(
pi
2
u2) du , Y (t) = a
∫ 0.01a
pi
0
sin(
pi
2
u2) du (2.18)
In the next step, we need to find the magnifying factor, a, such that the clothoid
meets the circle with the same slope. The slope of the circle at (X,Y ) is
Y´ = tanθ = − X − 62.811
Y − 106.658 (2.19)
and the slope angle of the clothoid at the end point, where it meets the circle is
θ =
pi
2
t2 =
1
2pi
a2k2 = 1.5915× 10−5a2 (2.20)
By equating the slope angles of the circle with the end point of the clothoid we will
end up with an equation with respect to a.
arctan
−(X − 62.811)
Y − 106.658 = 1.5915× 10
−5a2 (2.21)
Using equations ??, 5.3, and ??, we get and equation which a can be driven from.
arctan
−(X − 62.811)
Y − 106.658 − 1.5915× 10
−5a2
= arctan
−(X − 62.811)√
1002 − (X − 62.811)2 − 1.5915× 10
−5a2
= arctan
−(a ∫ 0.01api0 cos(pi2u2) du− 62.811)√
1002 − (a ∫ 0.01api0 cos(pi2u2 du− 62.811)2) − 1.5915× 10
−5a2
(2.22)
solving equation ??, a will be found, which in this case:
a = 200 (2.23)
Having a, the equations of the clothoid can be defined. As mentioned before having
the curvature of the end point of the clothoid one can find the point which the clothoid
and the circle intersect.
X0 = 122.2596310 Y0 = 26.24682756 (2.24)
The slope of the road at the point, the tangent line to the road and the normal line
to the road are
θ =
1
2pi
a2k2 = 0.6366197722rad = 369.475deg (2.25)
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Figure 2.5: The tangent line, normal line, and the tangent circle to the clothoid at the
point where k=0.01 for a given a=200. The clothoid is plotted up to k=0.025
Y = −64.14007833 + 0.7393029502X (2.26)
Y = 191.6183183− 1.352625469X (2.27)
Figure 2.5 illustrates the clothoid, tangent line, normal line and the tangent circle
to the clothoid at point (X0, Y0).
Here is another example for finding the right transition curve, to connect a straight
road to a circle.
This time we’ll try to find the appropriate transition curve to connect a straight road
as X-axis, with zero curvature to a circle of radius R=80 m at center c(100,100).
(X − 100)2 + (Y − 100)2 = 802 (2.28)
Using
X(t) = a
∫ ka
pi
0
cos(
pi
2
u2) du (2.29)
Y (t) = a
∫ ka
pi
0
sin(
pi
2
u2) du (2.30)
and knowing k=1/R=0.0125 at the destination point, determines the coordinates of
the end of the clothoid as function of a.
X(t) = a
∫ 0.0125a
pi
0
cos(
pi
2
u2) du (2.31)
Y (t) = a
∫ 0.0125a
pi
0
sin(
pi
2
u2) du (2.32)
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Figure 2.6: Plot of e = arctan −(X−100)±
√
802−(X−100)2−2.4868×10−5a2 versus a
The slope of the tangents to the circle ??, at a point (X,Y) is
Y´ = tanθ = −X − 100
Y − 100 (2.33)
and the slope angle of the clothoid at its end point as a function of a is,
θ =
pi
2
t2 =
1
2pi
a2k2 = 2.4868× 10−5a2 (2.34)
It is important that the clothoid and circle have the same slope angle at the end point
of the clothoid, which leads us to the following equation by equating the two slope angles.
arctan
−(X − 100)
Y − 100 = 2.4868× 10
−5a2 (2.35)
Equations ?? and ?? along with the equation of the clothoid, gives us as equation
with respect to a. However, substituting Y=Y(X) and replacing tan and arctan generates
four equations to be solved for possible a. To visualize the possible solutions, let us define
four error equations.
e = arctan
−(X − 100)
±√802 − (X − 100)2 − 2.4868× 10−5a2 (2.36)
e =
−(X − 100)
±√802 − (X − 100)2 − tan(2.4868× 10−5a2 ) (2.37)
Figure 2.6 depicts equation ?? and figure 2.7 shows equation ??. From the first
one we get the solutions,
a = 230.7098693 a = 130.8889343 (2.38)
and the second equation gives the following as the solutions,
a = 230.7098693 a = 130.8889343 a = 394.0940573 a = 463.5589702 (2.39)
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Figure 2.7: Plot of e = −(X−100)±
√
802−(X−100)2−tan(2.4868×10−5a2 ) versus a
Figure 2.8: The transition road starting on X-axis and goes to a circle of radius R=80m
at center c(100,100)
The correct answer is a=230.7098693 and figure 2.8 depicts the ciecle and the proper
clothoid, Having a defines the clothoid equation which at k=0.0125 reaches to
X0 = 177.5691613 Y0 = 82.38074640 (2.40)
at angle,
θ =
1
2pi
a2k2 = 1.3236rad ≈ 75.84deg (2.41)
There are exceptions using the method which has been introduced here, as well. It
is sometimes needed that we shift the clothoid in order to meet the given circle. It is not
generally possible to design a clothoid starting at the origin and meet a given circle at an
arbitrary center and radius. However, it is possible to start the clothoid from other points
on the X-axis rather than the origin to meet the given circle.
Following is the equation of the given circle for which we need to find a transition
clothoid curve,
(x− xc)2 + (y − yc)2 = R2 (2.42)
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where (xc, yc) indicates the equation of clothoid to have the same radius of curvature
as the circle.
X(t) = a
∫ a
Rpi
0
cos(
pi
2
u2) du (2.43)
Y (t) = a
∫ a
Rpi
0
sin(
pi
2
u2) du (2.44)
where t has been used in terms of a and R.
t =
a
Rpi
=
ak
pi
(2.45)
Equating the slope angle of the clothoid
tanθ = tan(
pit2
2
) = tan(
a2
2piR2
) (2.46)
and the slope angle of the circle
tanθ = −x− xc
y − yc (2.47)
at a point y, we’ll get
tan(
a2
2piR2
) = −x− xc
y − yc (2.48)
Searching for a match point in the right half of the circle
y − yc =
√
R2 − (x− xc)2 (2.49)
makes the slope equation to be a function of a
tan(
a2
2piR2
)
√
R2 − (a
∫ a
Rpi
0
cos(
pi
2
u2) du− xc)2 + a
∫ a
Rpi
0
cos(
pi
2
u2) du− xC = 0 (2.50)
Solution of this equation provides us with an a for which the clothoid ends at a point
with the same curvature as the circle. At the same y of the end point, the slope of the
clothoid is also equal to the slope of the circle. A proper shift to the clothoid of the X-axis
will match the clothoid and the circle.
The following example will clarify the problem. Assume the given circle is
(x− 60)2 + (y − 60)2 = 502 (2.51)
and therefore, the slope equation will be
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Figure 2.9: A clothoid starting at the origin ends at a point with the same slope and
curvature as the given circle, at the same y
tan(
a2
2pi2500
)
√
2500− (a
∫ a
50pi
0
cos(
pi
2
u2) du− 60)2 + a
∫ a
50pi
0
cos(
pi
2
u2) du− 60 = 0 (2.52)
The Numerical solution of the equation is
a = 132.6477323 (2.53)
The plot of the clothoid and the circle at this moment are shown in figure 2.9. For
the calculated a, the value of t at the end point of the clothoid is
t =
a
Rpi
=
2.652954646
pi
= 0.84446 (2.54)
and therefore, the coordinates of the end point are
x(k) = 132.6
∫ 0.84
0
cos(
pi
2
u2) du = 98.75389126 (2.55)
y(k) = 132.6
∫ 0.84
0
sin(
pi
2
u2) du = 38.22304651 (2.56)
At the point, the radius of curvature of the clothoid is
R =
1
k
=
a
tpi
=
132.6477323
0.84446pi
= 50 (2.57)
and the slope is
θ =
pi
2
t2 =
pi
2
0.844462 = 1.1202rad (2.58)
The x -coordinate of the circle at the same y=38.22304651,
38.22304651− 60 =
√
502 − (x− 60)2 (2.59)
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Figure 2.10: A shifted clothoid starting on a point on the x -axis ends at a point with the
same slope and curvature as the given circle and on the circle
is
xcircle = 105.0084914 (2.60)
If we shift the clothoid by the difference between xcircle and xclothoid
xdis = xcircle − xclothoid = 105.0084919− 98.75389126 = 6.2546 (2.61)
Then the clothoid and circle meet at a point on the circle with all requirements to
have a smooth transition. Figure 2.13 illustrates the result.
Design chart
Figure 2.11 illustrates a design graph of the relationship between the clothoid and pa-
rameters of magnification factor a, curvature k, and slope θ. The higher the magnification
factor the larger the clothoid will be. The clothoid curves of different a are intersected
by the constant slope lines of θ. The curves of constant curvature k intersect both, the
constant a and constant θ curves.
Assume we are trying to find a transition road with the clothoid shape to connect
a straight road to a circle of radius R=58.824 m. Having R is equivalent to have the
destination curvature k=1/R=0.017. the desired circle must be tangent to a clothoid with
a given a at the point that the clothoid is intersecting the curve of k=0.017.
The clothoid for a=250 m hits the curve of k=0.017 at a point for which we have
X = 147.3884878m Y = 176.4421850m (2.62)
θ = 164.7102491deg s = 338.2042540m (2.63)
The clothoid for a=210m hits the curve of k=0.017 at a point for which we have
X = 157.4739501m Y = 119.7133227m (2.64)
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Figure 2.11: A design graph of the relationship between the clothoid and parameters of
magnification factor a, curvature k, and slope θ
Figure 2.12: A few clothoid transition road to connect a straight road to a circle of radius
R=58.824 m
θ = 116.2195518deg s = 238.6369216m (2.65)
and so on.
Figure 2.12 illustrates these solutions and some more. The number of solutions is
practically infinite and the best solution depends on safety cost, and physical constraints
of the field.
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Sample Road Design
In order to explain all the above mentioned about the road design, a tilted infinity symbol
has been designed using circles and clothoids, which is going to be used as the template
road for designing the autodriver algorithm later in this study. Starting from a value for
the magnification factor, a is assumed
a = 200 (2.66)
The equations of the clothoid road starting from the origin will be
X(t) = 200
∫ t
0
cos(
pi
2
u2) du (2.67)
Y (t) = 200
∫ t
0
sin(
pi
2
u2) du (2.68)
The slope of the curve would be parallel to the symmetric line Y=X when,
θ =
pi
4
t =
√
2θ
pi
=
√
2
2
= t0 (2.69)
At t = t0 the clothoid is at
X(t) = 200
∫ √2
2
0
cos(
pi
2
u2) du = 132.943 (2.70)
Y (t) = 200
∫ √2
2
0
sin(
pi
2
u2) du = 35.424 (2.71)
where the tanget and perpendicular lines respectively are
Y = 35.424 + (X − 132.943)tanθ = −97.519 +X (2.72)
Y = 35.424 + (X − 132.943)/tanθ = 168.37−X (2.73)
as are shown figure 2.13 for the clothoid from t = −t0 to t = t0. The perpendicular
line hits the symmetric line Y=X at
Xc = Yc = 84.184 (2.74)
which would be the center of a circular path with
R =
√
(X0 −Xc)2 + (Y0 − Yc)2 = 68.956 (2.75)
to connect (x0, Y0) to its mirror point with respect to Y=X at
44 (June 24, 2015)
SECTION 2.1: CLOTHOID
Figure 2.13: A clothoid between two points at which the tangent lines are parallel to Y=X.
Figure 2.14: A symmetric Infinity symbol road based on two clothoids and two circular
arcs
X1 = 35.424 Y1 = 132.943 (2.76)
The mirror clothoid
X = 200
∫ √2
2
−
√
2
2
sin(
pi
2
u2) du (2.77)
Y = 200
∫ √2
2
−
√
2
2
cos(
pi
2
u2) du (2.78)
will complete the Infinity symbol shape of the road as is shown in figure 2.14.
Therefore, the parametric equations of the road, beginning from the origin and moving
in the X-direction are as follows. The parameter t is not continuous and not with the
same dimension in all equations.
X(t) = 200
∫ t
0
cos(
pi
2
u2) du 0 ≤ t ≤
√
2
2
(2.79)
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Y (t) = 200
∫ t
0
sin(
pi
2
u2) du 0 ≤ t ≤
√
2
2
(2.80)
X(t) = Xc +Rcost − 0.7854 ≤ t ≤ 2.3562 (2.81)
Y (t) = Yc +Rsint − 0.7854 ≤ t ≤ 2.3562 (2.82)
X(t) = 200
∫ t
0
sin(
pi
2
u2) du −
√
2
2
≤ t ≤
√
2
2
(2.83)
Y (t) = 200
∫ t
0
cos(
pi
2
u2) du −
√
2
2
≤ t ≤
√
2
2
(2.84)
X(t) = −Xc +Rcost 2.3562 ≤ t ≤ 5.4978 (2.85)
Y (t) = −Yc +Rsint 2.3562 ≤ t ≤ 5.4978 (2.86)
X(t) = 200
∫ t
0
sin(
pi
2
u2) du −
√
2
2
≤ t ≤ 0 (2.87)
Y (t) = 200
∫ t
0
cos(
pi
2
u2) du −
√
2
2
≤ t ≤ 0 (2.88)
Using s as the road length, we may define the equations with a smooth and continuous
parameter.
X(t) = 200
∫ s
200
0
cos(
pi
2
u2) du 0 ≤ s ≤ 100
√
2 (2.89)
Y (t) = 200
∫ s
200
0
sin(
pi
2
u2) du 0 ≤ s ≤ 100
√
2 (2.90)
X(t) = Xc +Rcos(
s− 100√2
R
− pi
4
) 100
√
2 ≤ s ≤ 358.051 (2.91)
Y (t) = Yc +Rsin(
s− 100√2
R
− pi
4
) − 100
√
2 ≤ s ≤ 358.051 (2.92)
X(t) = 200
∫ s
200
0
cos(
pi
2
u2) du 358.051 ≤ s ≤ 640.89 (2.93)
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Y (t) = 200
∫ s
200
0
sin(
pi
2
u2) du 358.051 ≤ s ≤ 640.89 (2.94)
X(t) = −Xc +Rcos(640.89− s
R
− pi
4
) 640.89 ≤ s ≤ 857.52 (2.95)
Y (t) = −Yc +Rsin(640.89− s
R
− pi
4
) 640.89 ≤ s ≤ 857.52 (2.96)
X(t) = 200
∫ s−857.52
200
0
sin(
pi
2
u2) du 857.52 ≤ s ≤ 998.94 (2.97)
Y (t) = 200
∫ s−857.52
200
0
cos(
pi
2
u2) du 857.52 ≤ s ≤ 998.94 (2.98)
In order to double check the final results of the calculation, one can find the curvature
of the end point of the drawn clothoid to see if it is equal with the curvature of the circle,
which is a requirement to have a smooth transition. In this case the result will indicate
that the clothoid and the circle are having slightly different curvatures at the end point of
the clothoid. This difference could be regarded as a good approximation, but the following
would a more difficult way of solving the problem of designing the Infinity symbol road
with higher accuracy.
Same assumption for the value of a=200 has been made here as well to start with.
The equations of the clothoid road starting from the origin are:
X(t) = 200
∫ t
0
cos(
pi
2
u2) du (2.99)
Y (t) = 200
∫ t
0
sin(
pi
2
u2) du (2.100)
The slope of the clothoid at t of the curve is
θ =
pi
2
t2 (2.101)
where the tangent and perpendicular lines respectively are:
Y = Y (t) + (X −X(t))tanθ (2.102)
Y = Y (t)− (X −X(t))
tanθ
(2.103)
The radius of curvature of the clothoid at t is
R =
1
k
=
a
pit
(2.104)
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If a clothoid point (X,Y ) exist at which the radius of curvature is equal to the distance
of the point from the line Y=X on the perpendicular line, then we can have a circular path
starting at the point. The intersection of the clothoid point (X,Y ) and the symmetric line
Y=X is the point Yc = Xc where
Yc = Xc =
X(t) + Y (t)tanpit
2
2
tanpit
2
2 + 1
(2.105)
The distance of the clothoid and the point (Xc, Yc) on the perpendicular line is
d =
√
(Y (t)− Yc)2 + (X(t)−Xc)2
=
√√√√(Y (t)−X(t)
tanpit
2
2 + 1
)2 + (
(X(t)− Y (t))tanpit22
tanpit
2
2 + 1
)2
(2.106)
Equating d and aR provides us with an equation to be solved for the t at which the
clothoid terminates and a circle with the same curvature starts.
d− a
pit
= 0 (2.107)
The equation has multiple solutions, and the first answer is
t = t0 = 0.9371211755 (2.108)
at t = t0 the clothoid and its kinematics are
X0 = 200
∫ 0.9371211755
0
cos(
pi
2
u2) du = 154.77 (2.109)
Y0 = 200
∫ 0.9371211755
0
sin(
pi
2
u2) du = 75.154 (2.110)
R =
1
k
= 67.93355959 (2.111)
θ = 1.379467204rad = 79.038deg (2.112)
The intersection of the perpendicular to the clothoid at (X0, Y0) with Y=X is at
Xc = 88.0724138 < X0 (2.113)
Yc = 88.0724138 > Y0 (2.114)
We can check the distance of (X0, Y0) and (Xc, Yc) to be equal to R.
therefore, using the parameter s as the road length, the equations of the road shown
by figure 2.15, beginning from the origin and moving in the X -direction can be expressed
as
48 (June 24, 2015)
SECTION 2.1: CLOTHOID
Figure 2.15: Infinity Symbol Road
X(t) = 200
∫ s
200
0
cos(
pi
2
u2) du 0 ≤ s ≤ 187.42 (2.115)
Y (t) = 200
∫ s
200
0
sin(
pi
2
u2) du 0 ≤ s ≤ 187.42 (2.116)
X(t) = Xc +Rcos(
s− 187.42
R
− 0.1913) 187.42 ≤ s ≤ 320.1242897 (2.117)
Y (t) = Yc +Rsin(
s− 187.42
R
− 0.1913) 187.42 ≤ s ≤ 320.1242897 (2.118)
X(t) = 200
∫ 507.5711658−s
200
0
cos(
pi
2
u2) du 320.1242897 ≤ s ≤ 694.9642897 (2.119)
Y (t) = 200
∫ 507.5711658−s
200
0
sin(
pi
2
u2) du 320.1242897 ≤ s ≤ 694.9642897 (2.120)
X(t) = −Xc +Rcos(694.9642897− s
R
− 1.3795) 694.9642897 ≤ s ≤ 827.6685794
(2.121)
Y (t) = −Yc +Rsin(694.9642897− s
R
− 1.3795) 694.9642897 ≤ s ≤ 827.6685794
(2.122)
X(t) = 200
∫ 1015.082332−s
200
0
sin(
pi
2
u2) du 827.6685794 ≤ s ≤ 1015.088579 (2.123)
Y (t) = 200
∫ 1015.082332−s
200
0
cos(
pi
2
u2) du 827.6685794 ≤ s ≤ 1015.088579 (2.124)
The equations 2.115-2.124 make the 8 figure road shown in figure 2.15. As mentioned
earlier this road which is made out of two seperate clothoids and two circles will be used
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as a sample road to find the kinematic steering angles of a vehicle as an example on how
the autodriver algorithm can keep a vehicle on the road kinematically. This will be done
by breaking the road in to its components and finding the nagle for the wheels of a vehicle
which is supposed to stay on this road for each section.
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Kinematics of autonomous algorithm
3.1 Autodriver
The Auto Driver algorithm, introduced in the following section, is the ultimate solution to
driverless cars problems such as errors of the vision based systems in non-marked areas,
or in the presence of shadows on the street and off-road autonomous riding. Google,
the owner of the most advanced and talked about autonomous vehicle, admits changes
to painted markings challenge their mapping-based architecture” . On the other hand,
the Auto Driver algorithm uses mathematical equations of the road to keep the dynamic
centre of rotation of the vehicle on the road curvature centre so that the vehicle follows
the road automatically. [Jazar 2008]
The Autodriver Algorithm is an intelligent way of reducing driving tasks by elimi-
nating the need for steering by the driver. For using this method which will be explained
in further details in this section, we’ll use a Four-Wheel-Steering (FWS) vehicle model
which works the best using the algorithm. The basic requirement of the algorithm is a
mathematically well-defined road. The algorithm works based on coinciding the actual
vehicle center of rotation and road center of curvature, by adjusting the kinematic center
of rotation. The road, which has been designed in the previous section would be used
as the predefined sample path of motion of the vehicle. This will be used to derive the
kinematic rotation center of the road, and the steering angles required to keep the vehicle
on the road.
We’ll use kinematic condition of steering to set steering angles of the wheels in such
a way that the kinematic center of rotation of the vehicle coincides with a desired point.
It should be noted that at lower speeds the ideal and actual paths of the vehicle are very
close, but by increasing the forward speed, Road and tire characteristics, along with the
motion dynamics of the vehicle will result in the vehicle to rotate around time varying
points instead. This phenomenon will be studied in details in the next chapter.
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(2).png
Figure 3.1: Turning center of a 2WS vehicle
By adjusting the steering angles, this algorithm controls the dynamic turning center
of the vehicle in such a way that it coincides with the turning center of the road at any
moment of time, in other words, will keep the car on the road autonomously.
This chapter will focus on finding the kinematic steering angle of the vehicle. But,
before getting work it is worthwhile to explain the reason why a 4WS vehicle model is
more suitable for the use of this application.
The autodriver algorithm was first developed for the 4WS vehicles only. In this
chapter and in order to make the algorithm compatible with the already existing vehicles
on the road, it is developed for 2WS vehicle as well.
3.1.1 2WS Vs. 4WS
Two different viewpoints helped deciding about a better steering mechanism for autodriver
algorithm. First was the number of options available to be chosen as the rotation center
of the vehicle. Second viewpoint was comparing the amount of steering required to travel
on a roads.
Basically, no matter what mechanism is being used, the turning center of any vehicle
will be on the intersection of lines which go through the axis of the wheels. For the case of
2WS vehicles, as a result of non-steerable rear wheels, the turning center of the vehicle is
always on the rear wheel axis. The turning center of a 2WS vehicle with δi and δo degrees
steering angle of the front inner and outer wheels is shown in Figure 3.1. The turning
radius of the vehicle changes with changing the value of the steering angles of the front
wheels.
The value of the turning radius of the vehicle can be calculated by knowing the
equation of the road as it needs to be equal to the curvature of the road. Knowing the
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(2).png
Figure 3.2: Turning center of a 4WS vehicle
value for R the required steering angle can easily be calculated using Eqs. ?? and ??.
The value of steering angles are related to each other by the Ackerman condition.
δi = arctan
1
R− w2
(3.1)
δo = arctan
1
R+ w2
(3.2)
where, R is the radius of rotation and w is the width of the front of the vehicle. For
solving the equations of the vehicle motion an average of these two steering angles is used.
[Chong et al. 1996], [Ono et al. 2006]
For the case of 4WS vehicles the center of rotation of the vehicle, as mentioned earlier,
is located at the intersection of the axis of rotation of all 4 wheels. The center of rotation
of a 4WS vehicle is illustrated in Figure 3.2. The steering angles of the pair of wheels at
the front and the pair at the rear of the vehicle are related by the Ackerman condition
again.
The steering angles of a 4WS vehicle are calculated using Eqs. ??-??.
δif = arctan
c1
R1 − wf2
(3.3)
δof = arctan
c1
R1 +
wf
2
(3.4)
δir = arctan
c2
R1 − wr2
(3.5)
δor = arctan
c2
R1 +
wr
2
(3.6)
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(2).png
Figure 3.3: Turning center of a 4WS vehicle - bicycle model
where, R1, c1 and c2 are illustrated in figure 3.3, and wf and wr are the front and rear
width of the vehicle respectively.
For the calculation of the steering angles of 4WS vehicles the bicycle car model is
used which has a different arrangement illustrated in Figure 3.3. In this case, similar to
previous cases the steering angle δf is the average of the outer and inner front wheels
steering angles and δr is the average of the outer and inner rear wheels steering angles.
[Horiuchi et al. 1999], [Ackermann and Sienel 1993], [Yu and Moskwa 1994]
There are many advantages and disadvantages for each of these steering mechanisms
mentioned in different literature. Plenty of comparisons have been made in order to
settle the debate on which of these mechanisms is the most advantages for many different
purposes. But the reader must notice that here we are just focusing on the ways the two
different mechanisms can effect the use of the Autodriver algorithm.
Available Options as the Vehicle Turning Center
The easiest way to compare the effect of 2WS and 4WS will be the number of options
that each of these models can provide. As mentioned earlier, the turning center of a 2WS
vehicle is definitely located on the turning axis of the rear wheels. This will make turning
around a point which is not located on the axis of the rear wheels difficult. In this case the
system will have to organize some extra maneuvers in order to get on the right position
to start the motion. This will definitely cause a lot of calculations required even before
the system can think about keeping the vehicle on the road.
On the other hand for the case of the 4WS vehicle, there are plenty of options at any
time to choose from. Considering that the maximum steering angles possible is around 45
degrees, Figure 3.4 illustrates in red the areas which the vehicle can not have its turning
center in at any moment.
It should be noted that the actual maximum steering angle of a vehicle’s wheel can
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Figure 3.4: Unavailable area for the center of rotation of the Bicylce model of a 4WS
vehicle
be up to 60 degrees, which makes the area shown in figure 3.4 even smaller. The reason
for showing the model with 45 degrees maximum steering angles is that many cars do not
have the advantage of having the maximum steering angle possible and the fact that same
big angles might not be possible for 4WS systems. The other thing to mention is that
the real system (not bicycle model) is able to put the turning center at almost any point
around the vehicle or even in between the wheels.
The above mentioned gives the 4WS great advantage over 2WS systems. Especially
for the case of autodriver algorithm, which reduces many unnecessary manouevers, and
calculations.
Value of the Steering Angle
This matter can be investigated from another point of view. The steering angles required
by the Autodriver algorithm to keep the car on two different roads will be calculated in
this section. The maximum values of required angle will be compared to find out if any
of these two cases will require less steering.
A sample vehicle with the following numerical values have been used for all the
calculations:
am = 0.02 m/s
2 d = 3 m vx = 10 m/s w = 1.5 m l = 3 m a1 = 1.26 m a2 = 1.57 m
(3.7)
where am is the maximum acceleration, d is the value of the lane change, vx is the
forward velocity, w is the width of the car which has been assumed to be equal in the
front and rear, l is the wheelbase, a1 is the distance of the front wheel from the center of
gravity and a2 is the distance of the rear wheel from the center of gravity.
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Figure 3.5: Simple Cycloid path of motion for lane change maneuever
(2).png
Figure 3.6: Simple Harmonic path of motion for lane change maneuever
The maneuevers chosen to be tested are both lane change maneuevers, using different
paths of motion. The first one is a simple cycloid path which is illustrated in figure 3.5,
and the second is a harmonic path shown in figure 3.6.
Starting with the Cycloid path of motion the steering angles required by the Auto-
driver algorithm have been calculated using Eqs. ?? and ??. The results are shown in
Figure 3.7. As it can be seen from the figure that the maximum absolute value of steering
angle, is equal to 4.2 degrees. This needs to be compared with maximum absolute value
of steering angle for the 4WS system which is calculated using Eqs. ??-?? and illustrated
in Figure 3.8.
The maximum absolute value of steering angles of the wheels for the 4WS systems
happens on the second half of the road, where the inner front wheel gets the biggest value
equal to about 0.8 degrees which is 81% smaller than the value for the 2WS systems.
As mentioned earlier, the same comparison has been done for the harmonic motion
path. The steering angle of the wheels for the 2WS and 4WS systems are illustrated in
figures 3.9 and 3.10 respectively.
From the figures it can be seen that the maximum absolute steering angles for the
2WS system is equal to about 3.5 degrees while the same for 4WS system is about 0.6
degrees, which is happening for the inner front wheel and at the end of the motion. A
reduction about 83 % is happening in this cases well, as a result of the change in the
steering mechanism.
We could say that the steering angles required on each wheel are reduced for around
80% for 4WS systems compared to 2WS vehicles.
This proves once again that more complicated maneuevers can be accomplished in a
4WS vehicle. It should be noted that smaller steering angles will result is a smaller lateral
force applied on the tires. This means a smaller percentage of the traction force will be
used to generate the lateral velocity reuired for turning. In addition smaller lateral force
will result in less side slip, which will save the tire tread for a longer period of time.
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(2).png
Figure 3.7: Steering angle of a 2WS vehicle through a Cycloid path of motion, Inner wheel:
Black - Outer wheel: Red
(2).png
Figure 3.8: Steering angle of a 4WS vehicle through a Cycloid path of motion, Inner front
wheel: Black - Outer front wheel: Red - Inner rear wheel: Green - Outer rear wheel: Blue
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Figure 3.9: Steering angle of a 2WS vehicle through a Harmonic path of motion, Inner
wheel: Black - Outer wheel:Red
(2).png
Figure 3.10: Steering angle of a 4WS vehicle through a Harmonic path of motion, In-
ner front wheel: Black - Outer front wheel:Red - Inner rear wheel: Green - Outer rear
wheel:Blue
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2WS or 4WS
The best steering mechanism from 2 or 4 wheel steering vehilces, for the purpose of
application of the Autodriver algorithm, was investigated. This was done by focusing on
important factors for the function of the algorithm which is basically manipulating the
center of rotation of the vehicle with respect to the curvature center of the road.
The kinematic study of the possible options for locating the center of rotation of the
vehicle proved that the 4WS setting provides the system with far more options than the
2WS system. This will reduce the extra maneuvers required during the travel time. These
extra maneuvers can be a result of sudden and interrupted changes in the location of the
curvature center of the road or in cases in which the curvature center at the start of the
motion is not coinciding with the rotation center of the rear wheel.
Steering angles calculated using the Autodriver algorithm, for travelling on two dif-
ferent paths of motion for both systems were compared with each other. It was shown that
the maximum steering angle required for each wheel is much smaller for the 4WS setting
than the 2WS systems. This will result in smaller lateral velocity applied on the wheels.
As a result smaller side slip will occur and a smaller percentage of the traction force will
be consumed for turning. This will cause less slip under the tires which means a longer
lifetime for them, but the advantage it gives to the feedback control system is under the
highlight of this study. The outcome of a smaller side slip has an important effect on the
errors of the system, and will result in much smaller variation in the calculated dynamic
path of the system compared to the actual road.
3.1.2 Road Turning Center
The infinity symbol road designed and formulated in the previous section, will be used as
the sample road for applying the autodriver algorithm.
The algorithm functions by coincinding the center of rotation of the vehicle with the
center of rotation of the road. The next step after defining the desired path of motion in
terms of a mathematical equation will be to find the center of rotation of the road.
As mentioned earlier the infinity symbol road includes two clothoid sections and two
circular arcs, which are parts of two circles. The turning center of the road when travelling
on the circle parts of the road would obviously be located on the center of the circles. But,
according to the definition of the clothoids, the turning center of the road while travelling
on the clothoid sections varies by the length of the arc travelled. That is because of the
nature of the clothoid which the curvature changes linearly with the arc length.
The general equation for the center of curvature of the clothoid sections is,
CC(s) = H(s) +
1
k(s)
N(s) (3.8)
where, H(s) is the equation of the road (clothoid), K(s) is the curvature of the road with
respect to the arc length, and N(s) is the unit normal vector to the road at any length
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travelled. The equation of the clothoid part of the road is divided in to 3 sections as the
following:
H1,3(s) = (200
∫ s
200
0
cos(
pi
2
u2) du, 200
∫ s
200
0
sin(
pi
2
u2) du) (3.9)
which happens when, 0 ≤ s ≤ 187.42 for H1 and 801.67914 ≤ s ≤ 989.09914 for H3, and
H2(s) = (200
∫ s
200
0
sin(
pi
2
u2) du, 200
∫ s
200
0
cos(
pi
2
u2) du) (3.10)
for 400.83957 ≤ s ≤ 588.25957.
Please note that the equation of the road has been sectioned to its components. This
has resulted in slightly different equations which will act as seperate roads for each section
and will help in simplifying the resulted steering angle equations which can be added to
each other in their respective orders after the calculations are done. The final result of
this summation will the steeing angles of the wheels during the total time of travel.
Unit Normal Vector of the Clothoids
As shown in equation?? the unit normal vector to the road needs to be calculated and
used in order to find the equation for the turning center of the road. The following will
explain the fairly simple process.
It should be mentioned here that although the process is simple in some ways, it still
depends very much on the equations invloved. The number and comlexity of the equations
of the clothoids for this specific case proved to be challenging during the course of this
project.
• The Unit Tangent Vector The unit tangent vector is the vector,
T (s) =
H´(s)
‖H´(s)‖ (3.11)
For all t, T(s) gives a vector of magnitude 1 in the direction of motion. The general
equation for the unit tangent vector to a clothoid is,
T1,3(s) = (Cos(
pis2
2a2
), Sin(
pis2
2a2
)) (3.12)
which is correct for the first and third clothoid parts of the road in hand but for the
second clothoid, H2(s) is
T2(s) = (Sin(
pis2
2a2
), Cos(
pis2
2a2
)) (3.13)
• Principal Unit Normal Vector In general, is given by,
N(s) =
T´ (s)
‖T´ (s)‖ (3.14)
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Figure 3.11: Curvature center of the road the rad line the start of the motion from the
origin, the blue line is from right after the end of the first circle to the start of the second,
and the green line shows the center from the end of the second circle, back to the origin
This vector is orthogonal to T(t), and points towards the center of curvature at all
times. The unit normal vectors in our case are,
N1,3 = (−Sin(pis
2
2a2
), Cos(
pis2
2a2
)) (3.15)
N2 = (Cos(
pis2
2a2
),−Sin(pis
2
2a2
)) (3.16)
Substituting equations ?? and ??, in equation ??, and having,
k(s) =
pis
a2
(3.17)
We’ll get the center of rotation of the clothoids as,
CC1,3(s) = a(
∫ s
a
0
cos(
pi
2
u2) du− a
pis
Sin(
pis2
2a2
),
∫ s
a
0
sin(
pi
2
u2) du+
a
pis
Cos(
pis2
2a2
)) (3.18)
CC2(s) = a(
∫ s
a
0
sin(
pi
2
u2) du+
a
pis
Cos(
pis2
2a2
),
∫ s
a
0
cos(
pi
2
u2) du− a
pis
Sin(
pis2
2a2
)) (3.19)
By substituting the numeric value for a, one can find the equation of the curvature center
of a clothoid shape road. In this case, a=200, has been determined before. Figure 3.11
illustrates the curvature center of the Infinity symbol road.
The yellow points on the diagram are the centers of the cirlces. The coordinates
of theses two points could be used as a good refernce to double check if the results are
correct. The caption of the figure includes the explanation for each section.
3.1.3 Autodriver Algorithm
Kinematic Steering
Consider a front-wheel-steering vehicle which is turning to the left. When the vehicle is
moving slowly, there is a kinematic condition between the inner and outer wheels which
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Figure 3.12: A front-wheel-steering vehicle and the Ackerman condition
allows the vehicle to turn slip-free. The kinematic condition is called Ackerman condition
and is expressed by figure 3.12 [Jazar 2009]
cotδo − cotδi = w
l
(3.20)
where, δi is the steer angle of the inner front wheel, and δo is the steer angle of the outer
front wheel. The distance between the steer axes of the steerable wheels is called the track
and is shown by w. The distance between the front and rear axles is called the wheelbase
and is shown by l. Track w and wheelbase l are considered as kinematic width and length
of the vehicle. We may also use the following more general equation for the kinematic
condition between the steer angles of a FWS vehicle
cotδfr − cotδfl = wf
l
(3.21)
where, δfl and δfr are the steer angles of the front left and front right wheels. In this
equation the steer angle is measured from the x -axis and is positive it its about positive
z -axis. The mass center of a steered vehicle will turn on a circle with radius R,
R =
√
a22 + l
2cot2δ (3.22)
where δ is the cot-average of the inner and outer steer angles.
cotδ =
cotδo + cotδi
2
(3.23)
The angle δ is the equivalent steer angle of a bicycle having the same wheelbase l and
radius of rotation R.
Four Wheel Steering
At very low speeds, the kinematic steering condition that the perpendicular lines to each
tire meet at one point, must be applied. The intersection point is the turning center of
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Figure 3.13: A positive four-wheel steering vehicle
Figure 3.14: A negative four-wheel steering vehicle
the vehicle. Figure 3.13 illustrates a positive four-wheel-steering vehicle, and figure 3.14
shows a negative 4WS vehicle. In a positive 4WS configuration the front and rear wheels
steer in the same direction and in a negative 4WS configuration the front and rear wheels
steer opposite to each other. The kinematic condition between the steer angles of a 4Ws
vehicle
cotδfr − cotδfl = wf
l
− wr
l
cotδfr − cotδfl
cotδrr − cotδrl (3.24)
where, δfl and δfr are the steering angle value for the front left and right wheels, and δrl
and δrr are the steering angle values of the rear left and right wheels. ”Equation 3.24 is
applicable if we define the steer angles according to the sign convention shown in figure
3.15. Employing the wheel coordinate frame (xw, yw, zw), we define steer angle as the
angle between the vehicle’s longitudinal x -axis and the wheel xw-axis, measured about
the z -axis. Using this convention, equation 3.24 expresses the kinematic condition for
both, positive and negative 4WS systems. Equation 3.24 provides a kinematic condition
among the 4 wheels of a 4WS vehicle. However, using a simple geometric condition, we
can calculate the individual steer angles. ” ”Consider figure 3.16, which illustrates a 4WS
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Figure 3.15: Sign convention for steer angles
Figure 3.16: Illustration of a positive 4WS vehicle in a left turn
64 (June 24, 2015)
SECTION 3.1: AUTODRIVER
vehicle in a left turn. The front inner and outer steer angles δif and δof may be calculated
from the triangles 4OAE and 4OBF , while the rear inner and outer steer angles δir and
δor may be calculated from the triangles 4ODG and 4OCH as follows.”
tanδif =
c1
R1 − wf2
(3.25)
tanδof =
c1
R1 +
wf
2
(3.26)
tanδir =
c2
R1 − wr2
(3.27)
tanδor =
c2
R1 +
wr
2
(3.28)
We may combine these equations and provide two conditions between the front and rear,
left and right wheels. Eliminating R1
R1 =
wf
2
+
c1
tanδif
= −wf
2
+
c1
tanδof
=
wr
2
+
c2
tanδir
= −wr
2
+
c2
tanδor
(3.29)
between 3.25 and 3.26 or between 3.27 and 3.28 provides the kinematic condition
between front steering angles and δif and δof or between the rear steering angles δir and
δor.
cotδof − cotδif = wf
c1
(3.30)
cotδor − cotδir = wr
c2
(3.31)
The longitudinal distance between point O and the axles of the car are indicated by c1,
and c2 measured in the body coordinate frame.
c1 =
wf
cotδof − cotδif (3.32)
c2 =
wr
cotδor − cotδir (3.33)
c1 − c2 = l (3.34)
Based on the above analysis, it is shown that the kinematic steer angles of 4WS vehicle
can be calculated from four functions of two variables of c1 and R1.
δif = δif (c1, R1) (3.35)
δof = δof (c1, R1) (3.36)
δir = δir(c2, R1) (3.37)
δor = δor(c2, R1) (3.38)
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To classify the steeirng system of vehivles we define a steering length ls.
ls =
c1 + c2
l
=
1
l
(
wf
cotδof − cotδif +
wr
cotδor − cotδir ) (3.39)
Steering length ls is 1 for a FWS vehicle, and −1 for a Rear-Wheel-Steering (RWS) vehicle.
When a car has a negative 4WS system then, −1 < ls < 1, and when the car has a positive
4WS system then, 1 < ls or ls < −1. The case 1 < ls happens when the turning center is
behind the rear axle of the car, and the case ls < −1 happens when the turning center is
ahead of the front axle of the car.
Road Curvature and Rotation Center
”When a vehicle is on the road, the turning center should be the curvature center of the
path of motion to follow the road ideally. If the path of motion is known mathematically,
then at any point of the road, the kinematic turning center in the vehicle body coordinate
frame, is at a point with coordinates (xc, yc).”
xc = −a2 − c2 = −a2 − wr
cotδor − cotδir (3.40)
yc = R1 =
l + 12(wf tanδif − wrtanδir)
cotδif − cotδir (3.41)
Equations 3.40 and 3.41 are found by substituting c1 and c2 from 3.29 in 3.34, and
defining yc in terms of δif and δir. Equations 3.40 and 3.41 can be used to define the
coordinates of the kinematic turning center for both positive and negative 4WS. To find
the vehicle’s kinematic turning radius R, we may define and employ equivalent bicycle
models as shown in figures 3.17 and 3.18. The kinematic radius of rotation R of the
bicycle model is:
R =
√
(a2 + c2)2 + c21cot
2δf (3.42)
”After all the above mentioned, let us go back to the Autodriver algorithm. The negative
4WS is not recommended at high speeds because of high yaw rates, and the positive
steering is not recommended at low speeds because of increasing radius turning. To
maximize the advantages of a 4WS system, we introduce a smart algorithm to allow the
wheels to change the mode of steering depending on the position and orientation of the
vehicle and to adjust the steer angles for different purposes. A smart steering is sometimes
called the active steering system or steering by wire. Generally speaking, active systems
should provide a negative steering at low speeds and positive steering at high speeds.”
”Consider a car that is moving on a road with a given function Y = f(X) in a global
coordinate frame G, as shown in figure 3.19. Point cc indicates the curvature center of
the road at the car’s position. Curvature venter of the road is supposed to be the turning
center of the car at the instant of the consideration. The road radius of curvature Rk of
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Figure 3.17: Bicycle model for a positive four-wheel-steering vehicle
Figure 3.18: Bicycle model for a positive four-wheel-steering vehicle
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Figure 3.19: Illustration of a car that is moving on road at a point that cc is the center of
curvature
such a road at point X is
Rk =
(1 + Y´ 2)
3
2
Y ′′
Y ′′ =
dY
dX
Y´ =
d2Y
dX2
(3.43)
There is a global coordinate frame G attached to the ground, and a vehicle coordinate
frame B attached to the car at its mass center C. The z and Z axes are assumed to be
parallel and the angle ψindocates the orientation of B in G. ψ is the angle between x and
X axes, and is called the heading angle of the car. If (Xc, Yc) indicates the coordinates of
the road curvature center cc in the global coordinate frame G then, the coordinate of cc
in B would be
Brc = Rz,ψ(
Grc − Gd) (3.44)xcyc
0
 =
 cosψ sinψ 0−sinψ cosψ 0
0 0 1
(
XcYc
0
−
XY
0
)
=
(Xc −X)cosψ + (Yc − Y )sinψ(Yc − Y )cosψ − (Xc −X)sinψ
0

(3.45)
ψ is the heading angle of the vehicle. The heading angle of the vehicle during the travel
time in the first and the third clothoids is equal to the slope of the tangent to the road,
which will be called θ. But, traveling on the third clothoid part of the road, this angle
will be called ψ. the difference between these angles which are going to be used as the
heading angles of the vehicle in equation 3.93 are illustrated in figure 3.20.” Equation
3.93 is compatible with equations 3.40 and 3.41. However, they are equal only in ideal
conditions. When the steer angles of the wheels are known and they work kinematically,
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Figure 3.20: Illustration of a the vehicles heading angle while travelling on the clothoids
equations 3.40 and 3.41 determine the coordinates of the instantaneous point that the car
is turning about. On the other hand, when the equation of the road in given, equation 3.93
determines the point that the car should turn about. We use equation 3.93 to calculate
the position of the curvature center and set the steer angles to have the same points as
the turning center of the car. Having the coordinates of the road curvature center cc in
the vehicle coordinate frame is enough to determine the kinematic characteristics R1, c1
and c2.
R1 = yc = (Yc − Y )cosψ − (Xc −X)sinψ (3.46)
c1 = c2 + l = −(Xc −X)cosψ − (Yc − Y )sinψ + a1 (3.47)
c2 = −a2 − xc = −(Xc −X)cosψ − (Yc − Y )sinψ − a2 (3.48)
Then, by using equations 3.25 - 3.28, we can adjust the required steer angles of the wheels
to have the same kinematic radius as the road radius of curvature. So, the required steer
angles can ideally be determined by only geometric characteristics of the vehicle and the
road. As an example for determination of steer angles, consider the infinity symbol road
designed earlier in the previous sections. Equation of the turning center of the road for
each section is For 0 ≤ s ≤ 187.42 and 801.67914 ≤ s ≤ 989.09914
XC1,3(s) = a
∫ s
a
0
cos(
pi
2
u2) du− a
pis
Sin(
pis2
2a2
) (3.49)
Y C1,3(s) = a
∫ s
a
0
sin(
pi
2
u2) du+
a
pis
Cos(
pis2
2a2
) (3.50)
and, for 400.83957 ≤ s ≤ 588.25957
XC2(s) = a
∫ s
a
0
sin(
pi
2
u2) du+
a
pis
Cos(
pis2
2a2
) (3.51)
Y C2(s) = a
∫ s
a
0
cos(
pi
2
u2) du− a
pis
Sin(
pis2
2a2
) (3.52)
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Substituting the above equations into 3.93, we can get the location of the center of
curvature in the vehicle body frame,
xC1,3(s) =
a2
pis
Sin(
pis2
2a2
)cosψ − a
2
pis
Cos(
pis2
2a2
)sinψ (3.53)
yC1,3(s) = − a
2
pis
Cos(
pis2
2a2
)cosψ − a
2
pis
Sin(
pis2
2a2
)sinψ (3.54)
for 0 ≤ s ≤ 187.42 and 801.67914 ≤ s ≤ 989.09914. For 400.83957 ≤ s ≤ 588.25957, we’ll
get
xC2(s) =
a2
pis
Cos(
pis2
2a2
)cosψ − a
2
pis
Sin(
pis2
2a2
)sinψ (3.55)
yC2(s) = − a
2
pis
Sin(
pis2
2a2
)cosψ − a
2
pis
Cos(
pis2
2a2
)sinψ (3.56)
When the vehicle is at the coordinates (X,Y ), the parameters c1, c2 and R1 are:
• For the first and third clothoid pieces of the road which is 0 ≤ s ≤ 187.42 and
801.67914 ≤ s ≤ 989.09914 :
c2 = −a2 − xC1,3 = −a2 + a
2
pis
Sin(
pis2
2a2
)cosψ − a
2
pis
Cos(
pis2
2a2
)sinψ (3.57)
c1 = c2 + l = a1 +
a2
pis
Sin(
pis2
2a2
)cosψ − a
2
pis
Cos(
pis2
2a2
)sinψ (3.58)
R1 = yC1,3 =
a2
pis
Cos(
pis2
2a2
)cosψ +
a2
pis
Sin(
pis2
2a2
)sinψ (3.59)
Therefore the required steer angles of such a vehicle which are shown in figure 3.21:
δif = tan
−1 c1
R1 − wf2
= tan−1
(
a1 +
a2
pisSin(
pis2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ
a2
pisCos(
pis2
2a2
)cosψ + a
2
pisSin(
pis2
2a2
)sinψ − wf2
) (3.60)
δof = tan
−1 c1
R1 − wf2
= tan−1
(
a1 +
a2
pisSin(
pis2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ
a2
pisCos(
pis2
2a2
)cosψ + a
2
pisSin(
pis2
2a2
)sinψ +
wf
2
) (3.61)
δir = tan
−1 c2
R1 − wr2
= tan−1
(
−a2 + a2pisSin(pis
2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ
a2
pisCos(
pis2
2a2
)cosψ + a
2
pisSin(
pis2
2a2
)sinψ − wr2
) (3.62)
δor = tan
−1 c2
R1 − wr2
= tan−1
(
−a2 + a2pisSin(pis
2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ
a2
pisCos(
pis2
2a2
)cosψ + a
2
pisSin(
pis2
2a2
)sinψ + wr2
) (3.63)
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Figure 3.21: Steer angles of 4 wheels while the car is traveling on the first (right hand
side) and third (left hand side) clothoids. δif :Red, δof :Blue, δir:Green, and δor:Black
• for the second clothoid part when 400.83957 ≤ s ≤ 588.25957
c2 = −a2 − xC2 = −a2 − a
2
pis
Cos(
pis2
2a2
)cosψ +
a2
pis
Sin(
pis2
2a2
)sinψ (3.64)
c1 = c2 + l = a1 − a
2
pis
Cos(
pis2
2a2
)cosψ +
a2
pis
Sin(
pis2
2a2
)sinψ (3.65)
R1 = yC2 = − a
2
pis
Sin(
pis2
2a2
)cosψ − a
2
pis
Cos(
pis2
2a2
)sinψ (3.66)
Therefore, the required steer angles of such a vehicle are:
δif = tan
−1 c1
R1 − wf2
= tan−1
(
a1 − a2pisCos(pis
2
2a2
)cosψ + a
2
pisSin(
pis2
2a2
)sinψ
− a2pisSin(pis
2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ − wf2
) (3.67)
δof = tan
−1 c1
R1 +
wf
2
= tan−1
(
a1 − a2pisCos(pis
2
2a2
)cosψ + a
2
pisSin(
pis2
2a2
)sinψ
− a2pisSin(pis
2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ +
wf
2
) (3.68)
δir = tan
−1 c2
R1 − wr2
= tan−1
(
−a2 − a2pisCos(pis
2
2a2
)cosψ + a
2
pisSin(
pis2
2a2
)sinψ
− a2pisSin(pis
2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ − wr2
) (3.69)
δor = tan
−1 c2
R1 +
wr
2
= tan−1
(
−a2 − a2pisCos(pis
2
2a2
)cosψ + a
2
pisSin(
pis2
2a2
)sinψ
− a2pisSin(pis
2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ + wr2
) (3.70)
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Figure 3.22: Steer angles of 4 wheels while the car is traveling on the second clothoid.
δif :Red, δof :Blue, δir:Green, and δor:Black
• For the first circle part of the road when 187.42 ≤ s ≤ 320.1242897 The center of
rotation of the road when the vehicle is travelling on the first circle would be on
the center of the circle, which is (Xc, Yc) = (88.0724138, 88.0724138). Following the
same steps for finding the location of the center of curvature in the vehicle’s body
coordinate frame we’ll get:
xCc1 =−Rcos(s− 187.42
R
− 0.1913)cosψ
−Rsin(s− 187.42
R
− 0.1913)sinψ
(3.71)
yCc1 =−Rsin(s− 187.42
R
− 0.1913)cosψ
+Rcos(
s− 187.42
R
− 0.1913)sinψ
(3.72)
Using the above equations for we can find the values c1, c2, and R1 for the section
of the road where the vehicle is moving on the first circle.
c2 = −a2 − xCc1 =− a2 −Rcos(s− 187.42
R
− 0.1913)cosψ
+Rsin(
s− 187.42
R
− 0.1913)sinψ
(3.73)
c1 = c2 + l =a1 −Rcos(s− 187.42
R
− 0.1913)cosψ
+Rsin(
s− 187.42
R
− 0.1913)sinψ
(3.74)
R1 = yCc1 =−Rsin(s− 187.42
R
− 0.1913)cosψ
+Rcos(
s− 187.42
R
− 0.1913)sinψ
(3.75)
So, the steer angle of the wheels for keeping the car on the first circle of the road
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Figure 3.23: Steer angles of 4 wheels while the car is traveling on the first circle. δif :Red,
δof :Blue, δir:Green, and δor:Black
shown in figure 3.23 are:
δif = tan
−1 c1
R1 − wf2
=
a1 −Rcos( s−187.42R − 0.1913)cosψ +Rsin( s−187.42R − 0.1913)sinψ
−Rsin( s−187.42R − 0.1913)cosψ +Rcos( s−187.42R − 0.1913)sinψ −
wf
2
(3.76)
δof = tan
−1 c1
R1 +
wf
2
=
a1 −Rcos( s−187.42R − 0.1913)cosψ +Rsin( s−187.42R − 0.1913)sinψ
−Rsin( s−187.42R − 0.1913)cosψ +Rcos( s−187.42R − 0.1913)sinψ +
wf
2
(3.77)
δir = tan
−1 c2
R1 − wr2
=
−a2 −Rcos( s−187.42R − 0.1913)cosψ +Rsin( s−187.42R − 0.1913)sinψ
−Rsin( s−187.42R − 0.1913)cosψ +Rcos( s−187.42R − 0.1913)sinψ − wr2
(3.78)
δor = tan
−1 c2
R1 +
wr
2
=
−a2 −Rcos( s−187.42R − 0.1913)cosψ +Rsin( s−187.42R − 0.1913)sinψ
−Rsin( s−187.42R − 0.1913)cosψ +Rcos( s−187.42R − 0.1913)sinψ + wr2
(3.79)
• For the second circle part of the road when 694.9642897 ≤ s ≤ 827.6685794 The
center of rotation of the road when the vehicle is travelling on the second circle
would be on the center of the circle, which is (Xc, Yc) = (−88.0724138,−88.0724138).
Following the same steps for finding the location of the center of curvature in the
vehicle’s body coordinate frame we’ll get:
xCc1 =−Rcos(694.9642897− s
R
− 1.3795)cosψ
−Rsin(694.9642897− s
R
− 1.3795)sinψ
(3.80)
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Figure 3.24: Steer angles of 4 wheels while the car is traveling on the second circle. δif :Red,
δof :Blue, δir:Green, and δor:Black
yCc1 =−Rsin(694.9642897− s
R
− 1.3795)cosψ
+Rcos(
694.9642897− s
R
− 1.3795)sinψ
(3.81)
Using the above equations for we can find the values c1, c2, and R1 for the section
of the road where the vehicle is moving on the second circle.
c2 = −a2 − xCc1 =− a2 −Rcos(694.9642897− s
R
− 1.3795)cosψ
+Rsin(
694.9642897− s
R
− 1.3795)sinψ
(3.82)
c1 = c2 + l =a1 +−Rcos(694.9642897− s
R
− 1.3795)cosψ
+Rsin(
694.9642897− s
R
− 1.3795)sinψ
(3.83)
R1 = yCc1 =−Rsin(694.9642897− s
R
− 1.3795)cosψ
+Rcos(
694.9642897− s
R
− 1.3795)sinψ
(3.84)
So, the steer angle of the wheels for keeping the car on the second circle of the road
shown in figure 3.24 are:
δif = tan
−1 c1
R1 − wf2
=
a1 +−Rcos(694.9642897−sR − 1.3795)cosψ +Rsin(694.9642897−sR − 1.3795)sinψ
−Rsin(694.9642897−sR − 1.3795)cosψ +Rcos(694.9642897−sR − 1.3795)sinψ −
wf
2
(3.85)
δof = tan
−1 c1
R1 +
wf
2
=
a1 +−Rcos(694.9642897−sR − 1.3795)cosψ +Rsin(694.9642897−sR − 1.3795)sinψ
−Rsin(694.9642897−sR − 1.3795)cosψ +Rcos(694.9642897−sR − 1.3795)sinψ +
wf
2
(3.86)
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a1 1.26
a2 1.54
wf 1.35
wr 1.4
Table 3.1: Nominal Values as From a Sample Car
δir = tan
−1 c2
R1 − wr2
=
−a2 −Rcos(694.9642897−sR − 1.3795)cosψ +Rsin(694.9642897−sR − 1.3795)sinψ
−Rsin(694.9642897−sR − 1.3795)cosψ +Rcos(694.9642897−sR − 1.3795)sinψ − wr2
(3.87)
δor = tan
−1 c2
R1 +
wr
2
=
−a2 −Rcos(694.9642897−sR − 1.3795)cosψ +Rsin(694.9642897−sR − 1.3795)sinψ
−Rsin(694.9642897−sR − 1.3795)cosψ +Rcos(694.9642897−sR − 1.3795)sinψ + wr2
(3.88)
Please note that for getting the figures for the clothoid parts, the equations used have
been simplified for avoiding complication. So, the parameter s has been taken to start
from the value −187.42 to 187.42. For the circle parts of the road, the original equations
have been used. The diagrams in all cases have been drawn using numerical values in
table 3.1.
3.2 Autodriver Algorithm for A Front-Wheel-Steering (FWS)
Vehicle
In this chapter, the autodriver algorithm is going to be implemented on a FWS vehicle
which is more practical considering the cars on the roads at the moment. Some materials
used in this section might have been repeated in other chapters but the writer is trying
to make it easy to study just the required chapter for people interested in different topics
mentioned in the thesis.
As mentioned in the previous chapter, there exists a slip-free condition for vehicle
steering mechanism called the Ackerman condition, expressed by:
cotδo − cotδi = w
l
(3.89)
where, δo and δi are the steer angles of the inner and outer wheels respectively as in shown
in figure 3.25.
The main difference in the calculations of the steering angles in the case of a Front-
Wheel-Steering vehicle is the fact that the center of rotation is always located on the a
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Figure 3.25: center of rotation of a Front-Wheel-Steering vehicle
straight line which goes through the center og the rear wheels of the vehicle as it can be
seen in figure 3.25.
So, In order to generate a mathematical algorithm for autonomous Front-Wheel-
Steering vehicles we need to find a new relation between the geometry of the car and
steering angles of the front wheels and then start following almost the same footsteps as
what has been done for 4WS vehicles.
To find the needed relation for the steering angles, we’ll use 4AOD for the inner
front wheel -assuming that the vehicle is turning left at the moment of consideration- and
4BOC for the outer front wheel. We’ll find,
δi = arctan(
l
R1 − w2
) (3.90)
δo = arctan(
l
R1 +
w
2
) (3.91)
where w is the width of the front of the car, and R1 is the vertical distance of the center
of mass of the vehicle from the center of rotation of the car.
There is a global coordinate frame G attached to the ground, and a vehicle coordinate
frame B attached to the car at its mass center C, as shown in figure ??. The z and Z
axes are assumed to be parallel and the angle ψ indicates the orientation of B in G. ψ is
the angle between x and X axes, and is called the heading angle of the car. If (Xc, Yc)
indicates the coordinates of the road curvature center cc in the global coordinate frame G
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Figure 3.26: Illustration of a car which is moving on a road at a point that Cc is the center
of curvature
then, the coordinate of cc in B would be
Brc = Rz,ψ(
Grc − Gd) (3.92)xcyc
0
 =
 cosψ sinψ 0−sinψ cosψ 0
0 0 1
(
XcYc
0
−
XY
0
)
=
(Xc −X)cosψ + (Yc − Y )sinψ(Yc − Y )cosψ − (Xc −X)sinψ
0

(3.93)
When the equation of the road in given, equation 3.93 determines the point that the car
should turn about. We use equation 3.93 to calculate the position of the curvature center
and set the steer angles to have the same points as the turning center of the car. Having
the coordinates of the road curvature center cc in the vehicle coordinate frame is enough
to determine the kinematic characteristic R1.
R1 = yc = (Yc − Y )cosψ − (Xc −X)sinψ (3.94)
Going back the equation of the Infinity Symbol road, we know that we have the following
for the turning center of each section: For 0 ≤ s ≤ 187.42 and 801.67914 ≤ s ≤ 989.09914
XC1,3(s) = a
∫ s
a
0
cos(
pi
2
u2) du− a
pis
Sin(
pis2
2a2
) (3.95)
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Figure 3.27: steering angle of the front wheel in the first and third sections of the road,
Red: angle of the inner wheel, blue: angle of the outer wheel
Y C1,3(s) = a
∫ s
a
0
sin(
pi
2
u2) du+
a
pis
Cos(
pis2
2a2
) (3.96)
and, for 400.83957 ≤ s ≤ 588.25957
XC2(s) = a
∫ s
a
0
sin(
pi
2
u2) du+
a
pis
Cos(
pis2
2a2
) (3.97)
Y C2(s) = a
∫ s
a
0
cos(
pi
2
u2) du− a
pis
Sin(
pis2
2a2
) (3.98)
Substituting the above equations into 3.93, we can get the location of the center of
curvature in the vehicle body frame, which can be used to find R1,
• Travelling on the first and third clothoids
R1 = yC1,3 =
a2
pis
Cos(
pis2
2a2
)cosψ +
a2
pis
Sin(
pis2
2a2
)sinψ (3.99)
which can be used to calculate the steering angles using equations ?? and ??, which
are illustrated in figure 3.3.
δi = arctan(
l
a2
pisCos(
pis2
2a2
)cosψ + a
2
pisSin(
pis2
2a2
)sinψ − w2
) (3.100)
δo = arctan(
l
a2
pisCos(
pis2
2a2
)cosψ + a
2
pisSin(
pis2
2a2
)sinψ + w2
) (3.101)
• Travelling on the first circle part of the road The center of rotation of the road
when the vehicle is travelling on the first circle would be on the center of the circle,
which is (Xc, Yc) = (88.0724138, 88.0724138). Following the same steps for finding
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Figure 3.28: steering angle of the front wheel in the first circle part of the road, Red:
angle of the inner wheel, blue: angle of the outer wheel
the location of the center of curvature in the vehicle’s body coordinate frame we’ll
get:
xCc1 =−Rcos(s− 187.42
R
− 0.1913)cosψ
−Rsin(s− 187.42
R
− 0.1913)sinψ
(3.102)
yCc1 =−Rsin(s− 187.42
R
− 0.1913)cosψ
+Rcos(
s− 187.42
R
− 0.1913)sinψ
(3.103)
Using the above equations for we can find the value R1 for the section of the road
where the vehicle is moving on the first circle.
R1 = yCc1 =−Rsin(s− 187.42
R
− 0.1913)cosψ
+Rcos(
s− 187.42
R
− 0.1913)sinψ
(3.104)
which is when 187.42 ≤ s ≤ 320.1242897. So, for the angles we’ll get, which are
illustrated in figure 3.28.
δi = arctan(
l
−Rsin( s−187.42R − 0.1913)cosψ +Rcos( s−187.42R − 0.1913)sinψ − w2
)
(3.105)
δo = arctan(
l
−Rsin( s−187.42R − 0.1913)cosψ +Rcos( s−187.42R − 0.1913)sinψ + w2
)
(3.106)
• Travelling on the second clothoid
R1 = yC2 = − a
2
pis
Sin(
pis2
2a2
)cosψ − a
2
pis
Cos(
pis2
2a2
)sinψ (3.107)
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Figure 3.29: steering angle of the front wheel in the second clothoid section of the road,
Red: angle of the inner wheel, blue: angle of the outer wheel
which can be used to calculate the steering angles using its equations. The angles
are illustrated in figure 3.29.
δi = arctan(
l
− a2pisSin(pis
2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ − w2
) (3.108)
δo = arctan(
l
− a2pisSin(pis
2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ + w2
) (3.109)
• Travelling on the second circle part of the road The center of rotation of the road in
this case is (Xc, Yc) = (−88.0724138,−88.0724138). So, the equation for the location
of the center of the road at any time is,
xCc2 =−Rcos(694.9642897− s
R
− 1.3795)cosψ
−Rsin(694.9642897− s
R
− 1.3795)sinψ
(3.110)
yCc2 =−Rsin(694.9642897− s
R
− 1.3795)cosψ
+Rcos(
694.9642897− s
R
− 1.3795)sinψ
(3.111)
which will give,
R1 = yCc2 =−Rsin(694.9642897− s
R
− 1.3795)cosψ
+Rcos(
694.9642897− s
R
− 1.3795)sinψ
(3.112)
which is when 694.9642897 ≤ s ≤ 827.6685794. So, the steering angles of the front
wheels are,
δi = arctan(
l
−Rsin(694.9642897−sR − 1.3795)cosψ +Rcos(694.9642897−sR − 1.3795)sinψ − w2
)
(3.113)
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Figure 3.30: steering angle of the front wheel in the second circle part of the road, Red:
angle of the inner wheel, blue: angle of the outer wheel
δo = arctan(
l
−Rsin(694.9642897−sR − 1.3795)cosψ +Rcos(694.9642897−sR − 1.3795)sinψ + w2
)
(3.114)
Steer angles of a FWS vehicle travelling on the second circle part of the road has
been illustrated in figure 3.30.
3.3 Autodriver Algorithm for A Rear-Wheel-Steering (RWS)
Vehicle
Following all of what has been done for AWS and FWS vehicles we can find the required
angles to keep a RWS vehicle on the Infinity symbol road. An example of such a vehicle is
shown in figure 3.31. The major difference in this case comparing with a FWS is that the
center of rotation is located on a perpendicular line to the center of the front wheels. To
find the needed relation for the steering angles, we’ll use 4OAD for the inner rear wheel
-assuming that the vehicle is turning left at the moment of consideration- and 4OBC for
the outer rear wheel. We’ll find,
δi = arctan(
l
R1 +
w
2
) (3.115)
δo = arctan(
l
R1 − w2
) (3.116)
As it can be seen by comparing equations ?? and ??, with equations ?? and ?? the
angle of the inner and outer wheels have been swapped. It means that, in a RWS vehicle
turning left the inner wheel’s steering angle is equal to what is needed for the outer wheel’s
steering angle of a FWS vehicle turning the same direction. same relation exists between
the outer wheel of a RWS and inner wheel of a FWS.
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Figure 3.31: Center of rotation of a Rear-Wheel-Steering vehicle
Figure 3.32: Center of rotation of a Three-Axle vehicle
3.4 Autodriver Algorithm for a Three-Axle vehicle
Figure 3.32, illustrates an example of such vehicles. as it can be seen the location of the
center of rotation in this case in located on the vertical line to the center of the rear axle
of the vehicle. In order to find the required steering angles of the 4 wheels in the first two
rows af axles we can follow the same procedures as before. Using 4AOE can be used for
finding angles δ1,
δ1 = arctan(
l
R1 − w2
) (3.117)
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Figure 3.33: steer angles of a three-axle vehicle traveling on the first and third clothoids
of the road. RED:Front left wheel, Blue:Front right wheel, Green:Right second row wheel,
Black:Left second row wheel
In order to find the other 3 angles δ2, δ3, and δ4 we can use 4BOD, 4COD, and 4FOE
respectively.
δ2 = arctan(
l
R1 +
w
2
) (3.118)
δ3 = arctan(
a2 + a3
R1 +
w
2
) (3.119)
δ4 = arctan(
a2 + a3
R1 − w2
) (3.120)
As it can be seen in the above steering angle equations, the only value which needs
calculation based on the road in hand is R1, which will be the same as what has been
found before for the front and rear steering vehicles. The reason is that R1 is calculated
based on the road in hand and not the position of the rotation center with respect to the
vehicle.
• Travelling on the first and third clothoids
R− 1 = yC1,3 = a
2
pis
cos(
pis2
2a2
)cosψ +
a2
pis
sin(
pis2
2a2
)sinψ (3.121)
which will give,
δ1 = arctan(
l
a2
piscos(
pis2
2a2
)cosψ + a
2
pissin(
pis2
2a2
)sinψ − w2
) (3.122)
δ2 = arctan(
l
a2
piscos(
pis2
2a2
)cosψ + a
2
pissin(
pis2
2a2
)sinψ + w2
) (3.123)
δ3 = arctan(
a2 + a3
a2
piscos(
pis2
2a2
)cosψ + a
2
pissin(
pis2
2a2
)sinψ + w2
) (3.124)
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Figure 3.34: steer angles of a three-axle vehicle traveling on the first circle part of the road.
RED:Front left wheel, Blue:Front right wheel, Green:Right second row wheel, Black:Left
second row wheel
δ4 = arctan(
a2 + a3
a2
piscos(
pis2
2a2
)cosψ + a
2
pissin(
pis2
2a2
)sinψ − w2
) (3.125)
the steer angles can be illustrated using a sample vehicle.
• Traveling on the first circle part of the road
R1 = yCc1 = −Rsin(s− 187.42
R
− 0.1913)cosψ +Rcos(s− 187.42
R
− 0.1913)sinψ
(3.126)
which is when 187.42 ≤ s ≤ 320.1242897. For the steering angles we’ll get,
δ1 = arctan(
l
−Rsin( s−187.42R − 0.1913)cosψ +Rcos( s−187.42R − 0.1913)sinψ − w2
)
(3.127)
δ2 = arctan(
l
−Rsin( s−187.42R − 0.1913)cosψ +Rcos( s−187.42R − 0.1913)sinψ + w2
)
(3.128)
δ3 = arctan(
a2 + a3
−Rsin( s−187.42R − 0.1913)cosψ +Rcos( s−187.42R − 0.1913)sinψ + w2
)
(3.129)
δ4 = arctan(
a2 + a3
−Rsin( s−187.42R − 0.1913)cosψ +Rcos( s−187.42R − 0.1913)sinψ − w2
)
(3.130)
• Traveling on the second clothoid
R1 = yC2 = − a
2
pis
Sin(
pis2
2a2
)cosψ − a
2
pis
Cos(
pis2
2a2
)sinψ (3.131)
which will give the following for the steer angles,
δ1 = arctan(
l
− a2pisSin(pis
2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ − w2
) (3.132)
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Figure 3.35: steer angles of a three-axle vehicle traveling on the second clothoid of the road.
RED:Front left wheel, Blue:Front right wheel, Green:Right second row wheel, Black:Left
second row wheel
δ2 = arctan(
l
− a2pisSin(pis
2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ + w2
) (3.133)
δ3 = arctan(
a2 + a3
− a2pisSin(pis
2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ + w2
) (3.134)
δ4 = arctan(
a2 + a3
− a2pisSin(pis
2
2a2
)cosψ − a2pisCos(pis
2
2a2
)sinψ − w2
) (3.135)
• Travelling on the second circle part of the road
R1 = yCc2 =−Rsin(694.9642897− s
R
− 1.3795)cosψ
+Rcos(
694.9642897− s
R
− 1.3795)sinψ
(3.136)
which is when 694.9642897 ≤ s ≤ 827.6685794. So, the steer angles will be,
δ1 = arctan(
l
−Rsin(694.9642897−sR − 1.3795)cosψ +Rcos(694.9642897−sR − 1.3795)sinψ − w2
)
(3.137)
δ2 = arctan(
l
−Rsin(694.9642897−sR − 1.3795)cosψ +Rcos(694.9642897−sR − 1.3795)sinψ + w2
)
(3.138)
δ3 = arctan(
a2 + a3
−Rsin(694.9642897−sR − 1.3795)cosψ +Rcos(694.9642897−sR − 1.3795)sinψ + w2
)
(3.139)
δ4 = arctan(
a2 + a3
−Rsin(694.9642897−sR − 1.3795)cosψ +Rcos(694.9642897−sR − 1.3795)sinψ − w2
)
(3.140)
The sample road produced in the previous chapter has been used as a sample to
illustrate how the Autodriver algorithm works. All the above mentioned are only focused
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Figure 3.36: steer angles of a three-axle vehicle traveling on the second circle part of
the road. RED:Front left wheel, Blue:Front right wheel, Green:Right second row wheel,
Black:Left second row wheel
on the kinematics of the motion, which is correct only in very low forward velocities. The
most challenging part of the project was dealing with the dynamics of the motion which
will result in a lot of errors and differences between the actual road and the calculated
path of motion.
The next chapter is totaly dedicated to the dynamics of the motion and will illustrate
the behavior of the algorithm in higher forward velocities. Please note that the sample
8 figure road is not going to be used in the next chapter due to its complication and
limitation opposed by the software or hardware used for the calculations.
In the next chapter a new method for claculating the dynamic path of motion using
the Autodriver algorithm is introduced which can be used in all other cases of dynamic
motion as well. The method called Steady-State Dynamic Steering (SSDS) will help to
substitute complicated and long calculations with quick and easy equations.
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Steady-State Dynamic Steering (SSDS)
4.1 Using Steady-State responses instead of dynamic solutions
In the previous chapters we designed a sample road, and used it to come up with the
kinematic steering angles required to keep the vehicle on a desired path of motion. The
next step would be trying to solve the dynamic equations of motion for finding the real
resulted path of motion. The real situation is referring to when sideslip of the vehicle
is being considered in the calculations of path of motion. This is done by solving the
dynamic equations of the motion of the vehicle for a desired path of motion.
Using clothoids to build up the equation for the sample road, made the equations of
motion very complicated. After trying several different methods, it is now obvious that
it’s impossible to solve the dynamic differential equations of motion for this sample road
as a result of this complication. The following chapter is the results of the search for a
better method for solving these equations.
In this chapter, it is proved that the steady-state responses can be a good replacement
for solving the equation of motion. For the mentioned purpose two different conditions
have been investigated.
• Constant forward velocity, varying steering angle - including two scenarios
• Constant steering angle, varying forward velocity
The mentioned scenarios have been investigated by solving the differential equations
of motion and comparing the results to a new method introduced here for the first time.
The new method mentioned above is based on the use of steady-state equations
instead of solving the dynamic equations of motion and is called Steady-State Dynamic
Steering (SSDS).
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Figure 4.1: A rigid vehicle in a planar motion
4.1.1 Vehicle Dynamics
Figure 4.1 illustrates a rigid vehicle in a planar motion and indicates the global G and
body B frames attached respectively to the ground and the mass center of the vehicle.
The Z and z axes are parallel, and the orientation of the frame B is indicated by
the heading angle ψ between the x and X axes. The global vector of the mass center is
denoted by Gd.
A rigid vehicle is assumed to act like a flat box on a horizontal surface (planar
motion) with three degrees of freedom which are: translation in the x and y directions,
and a rotation about the z-axis. The Newton-Euler equations of motion for a planar rigid
vehicle in the body coordinate frame B are:
v˙x =
Fx
m
+ rvy
v˙y =
1
mvx
(−a1Cαf + a2Cαr)r − 1
mvx
(Cαf + Cαr)vy
+
1
m
Cαfδf +
1
m
Cαrδr − rvx
r˙ =
1
Izvx
(−a21Cαf − a22Cαr)r −
1
Izvx
(a1Cαf − a2Cαr)vy
+
1
I z
a1Cαfδf − 1
Iz
a2Cαrδr
(4.1)
where r = ψ˙ = ωz, is the yaw rate of the car, and steer angle of the front and rear wheels
are cot-average of the associated left and right wheels.
cotδf =
cotδfR + cotδfL
2
cotδr =
cotδrR + cotδrL
2
(4.2)
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To analyze the autodriver algorithm, we need to assume to have a constant forward
speed
vx = const. (4.3)
which will simplify the second and third equations to
[
v˙y
r˙
]
=
[
−Cαf+Cαrmvx
−a1Cαf+a2Cαr
mvx
− vx
−a1Cαf−a2CαrIzvx −
a21Cαf+a
2
2Cαr
Izvx
][
vy
r
]
+
[
Cαf
m
Cαr
m
a1Cαf
Iz
−a2CαrIz
][
δf
δr
] (4.4)
Considering the above equation as a dynamic system
q˙ = [A]q + [B]δ (4.5)
where
q =
[
vy
r
]
δ =
[
δf
δr
]
(4.6)
We may assume that the steer angles are the input of the dynamic system and the
lateral speed vy and yaw rate r are the output. Having the function of the steer angles
and starting from an initial condition for vy(0) and r(0), we are able to determine vy and
r in future times. By integrating vx, vy and r, we are able to calculate the position and
orientation of the vehicle in both body and global coordinate frames.
ψ =
∫ t
0
tdt (4.7)
Gvc =
GRB
Bvc[
vX
vY
]
=
cosψ −sinψ 0sinψ cosψ 0
0 0 1
[vx
vy
]
(4.8)
Gd = Gd0 +
∫
Gvdt[
X
Y
]
=
[
X0
Y0
]
+
[∫ t
0 (vxcosψ − vysinψ)dt∫ t
0 (vxsinψ + vycosψ)dt
]
(4.9)
The instantaneous actual or dynamic radius of curvature for such a vehicle would be
R =
vx
r
(4.10)
and its position in the body and global coordinate frames are
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Brc =
[
0
R
]
(4.11)
Grc =
Gd + GRB
Brc[
Xc
Yc
]
=
[
X
Y
]
+
cosψ −sinψ 0sinψ cosψ 0
0 0 1
[0
R
]
=
[
X +Rsinψ
Y +Rcosψ
]
=
[
X0
Y0
]
+

∫ t
0
(
vxcos
(∫ t
0 rdt
)
− vysin
(∫ t
0 rdt
))
dt
∫ t
0
(
vxsin
(∫ t
0 rdt
)
+ vycos
(∫ t
0 rdt
))
dt

(4.12)
Furthermore, we are able to calculate the slip angle of the car, as well as the required
traction force which keeps the forward speed constant.
Fx = −mvx
r
(4.13)
β = tan−1
vy
vx
(4.14)
4.1.2 Introduction to dynamic and steady state equations
The equations of motion of the planar bicycle car model, expressed in the principal body
coordinate frame B, is governed by the following set of nonlinear coupled ordinary differ-
ential equations. In the equations, the steering angle δ acts as the input and, the mass
center forward velocity vx, lateral velocity vy, and yaw rate r, are the outputs, [Jazar
2008].
v˙x =
1
m
Fx + r vy (4.15)
v˙y =
Cβ
mvx
vy −
(
vx − Cr
m
)
r +
Cδ
m
δ (t) (4.16)
r˙ =
Dβ
Izvx
vy +
Dr
Iz
r +
Dδ
Iz
δ (t) (4.17)
where
Cr =
∂Fy
∂r
= −a1
vx
Cαf +
a2
vx
Cαr (4.18)
Cβ =
∂Fy
∂β
= −Cαf − Cαr (4.19)
Cδ =
∂Fy
∂δ
= Cαf (4.20)
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Dr =
∂Mz
∂r
= −a
2
1
vx
Cαf − a
2
2
vx
Cαr (4.21)
Dβ =
∂Mz
∂β
= a2Cαr − a1Cαf (4.22)
Dδ =
∂Mz
∂δ
= a1Cαf (4.23)
β =
vy
vx
(4.24)
The orthogonal body coordinate frame B is fixed to the vehicle at its mass center
C and is set such that the x-axis is longitudinal, y-axis is lateral, and z-axis is vertical
upward. The body coordinate and kinematics of the bicycle car model in a forward motion
on a positive turn is illustrated in Figure 4.2.
The coefficients Cr, Cβ, Cδ, Dr, Dβ, Dδ in the equations of motion are slopes of the
curves for lateral force Fy and yaw moment Mz as a function of r, β, and δ respectively.
The coefficients Cr and Dr are functions of vx, and the coefficients Cβ, Cδ, Dβ, Dδ are
constant for a given vehicle. The solution of the equations to a given time dependent steer
angle δ (t) would be
vx = vx (t) (4.25)
vy = vy (t) (4.26)
r = r (t) (4.27)
The equations of motion are not analytically solvable, however, researchers tradition-
ally assume that the forward velocity vx is constant to reduce the equation to the following
linear set.
Generally, this happens when the forward velocity is known and there is no need for
calculating vx. [Jazar 2011]
Fx = −mr vy (4.28)[
v˙y
r˙
]
=

Cβ
mvx
Cr
m
− vx
Dβ
Izvx
Dr
Iz

[
vy
r
]
+

Cδ
m
Dδ
Iz
 δ (t) (4.29)
When vx remains constant or in more general cases is known, Equations (5.26) become
independent from (5.25). The set of Equations (5.26) can then be written in the form
q˙ = [A]q+ u (4.30)
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Figure 4.2: Kinematics of a moving vehicle at steady-state conditions.
in which [A] is a constant coefficient matrix, q is the vector of control variables, and
u is the vector of inputs.
[A] =

Cβ
mvx
Cr
m
− vx
Dβ
Izvx
Dr
Iz

=
 −
Cαf + Cαr
mvx
−a1Cαf + a2Cαr
mvx
− vx
−a1Cαf − a2Cαr
Izvx
−a
2
1Cαf + a
2
2Cαr
Izvx
 (4.31)
q =
[
vy
r
]
(4.32)
u =

Cαf
m
a1Cαf
Iz
 δ (t) =

Cδ
m
Dδ
Iz
 δ (t) (4.33)
Steady-state responses
When the vehicle is turning at a steady-state condition, its behavior is governed by the
following equations:
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Fx = −m
R
vx vy (4.34)
Cβ β +
(
Cr vx −mv2x
) 1
R
= −Cδ δ (4.35)
Dβ β +Dr vx
1
R
= −Dδ δ (4.36)
from which, we can define a set of steady-state responses, (Jazar 2013): 1. Curvature
response, Sκ
Sκ =
κ
δ
=
1
Rδ
=
CδDβ − CβDδ
vx (DrCβ − CrDβ +mvxDβ) (4.37)
2. Sideslip response, Sβ
Sβ =
β
δ
=
Dδ (Cr −mvx)−DrCδ
DrCβ − CrDβ +mvxDβ (4.38)
3. Yaw rate response, Sr
Sr =
r
δ
=
κ
δ
vx = Sκvx =
CδDβ − CβDδ
DrCβ − CrDβ +mvxDβ (4.39)
4. Centripetal acceleration response, Sa
Sa =
v2x/R
δ
=
κ
δ
v2x = Sκv
2
x =
(CδDβ − CβDδ) vx
DrCβ − CrDβ +mvxDβ (4.40)
5. Lateral velocity response, Sy
Sy =
vy
δ
= Sβvx =
Dδ (Cr −mvx)−DrCδ
DrCβ − CrDβ +mvxDβ vx (4.41)
Figure 4.3 illustrates a sample of steady-state responses with respect to vx for a car
with the following characetristics.
Cαf = 50000 N / rad Cαr = 50000 N / rad
m = 1000 kg Iz = 1650 kg m
2 (4.42)
a1 = 1.0 m a2 = 1.5 m
The vehicle is understeer because of a positive stability parameter K.
K =
m
l2
(
a2
Cαf
− a1
Cαr
)
= 0.0016 > 0 (4.43)
Employing the steady-state responses, we can determine the variation of the kine-
matics of motion as functions of forward velocity vx. Figure 4.4 depicts the steady-state
radius of rotation R of the mass center of the car, vehicle side slip angle β, and yaw rate
r, at different forward velocities.
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Figure 4.3: Steady-state responses of a sample vehicle, as functions of forward velocity vx.
Figure 4.4: The steady-state values of R, β, and r, as functions of forward velocities.
Rotation center
Having the steady-state responses Sk = 1/R/δ and Sβ = β/δ, we are able to determine
the steady-state position of the rotation center (xO, yO) of a vehicle in the vehicle body
coordinate frame as is illustrated in Figure 4.2.
xO = −R sinβ = − 1
Skδ
sin (Sβδ) (4.44)
yO = R cosβ =
1
Skδ
cos (Sβδ) (4.45)
At steady-state conditions the radius of rotation R can be found from the curvature
response Sκ, and the vehicle sideslip angle β from the sideslip response Sβ.
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Figure 4.5: The coordinate (xO, yO) of the dynamic rotation center of the vehicle for
0 ≤ vx ≤ 40 m / s and its critical speed.
R =
1
δSκ
=
vx (DrCβ − CrDβ +mvxDβ)
(CδDβ − CβDδ) δ (4.46)
β = δSβ =
Dδ (Cr −mvx)−DrCδ
DrCβ − CrDβ +mvxDβ δ (4.47)
Therefore, the steady-state position of the dynamic center of rotation O in the body
coordinate frame B, about which the vehicle will actually turn, is at
xO = −vx (DrCβ − CrDβ +mvxDβ)
(CδDβ − CβDδ) δ sin
(
Dδ (Cr −mvx)−DrCδ
DrCβ − CrDβ +mvxDβ δ
)
(4.48)
yO =
vx (DrCβ − CrDβ +mvxDβ)
(CδDβ − CβDδ) δ cos
(
Dδ (Cr −mvx)−DrCδ
DrCβ − CrDβ +mvxDβ δ
)
(4.49)
Figure 4.5 illustrates the coordinates xO and yO of the vehicle for 0 ≤ vx ≤ 40 m / s at
a constant steer angle δ = 0.1 rad. At a constant steer angle, the dynamic rotation center
of the understeer vehicle moves away and forward by increasing the forward velocity. The
rate of the displacement of the rotation center increases by speed. The figure also depicts
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Figure 4.6: The location of the steady-state rotation center for 0 ≤ vx ≤ 40 m / s.
the critical speed vx = (CrDδ −DrCδ) /m/Dδ = 13.693 m / s at which the velocity vector
of the vehicle at its mass center is in the x-direction v = vxıˆ. At the critical speed, we
have β = 0 and the dynamic rotation center is on the y-axis. Figure 4.6 illustrates the
location of the steady-state rotation center for 0 ≤ vx ≤ 40 m / s, relative to the vehicle.
4.1.3 Effect of changing steering angle on transient and steady-state
responses on dynamics behavior of vehicles
In the following sections, we calculate the transition response of an understeer passenger
car that is moving at a constant forward velocity, under variable steering angle. The
transition behavior of the car will be determined by solving the equations of motion.
The same transition behavior will be determined using steady state responses to examine
the proximity of the two analysis. It will be shown that steady-state response equations
are good enough to predict the transition behavior of the car. Two maneuvers will be
considered, a step steer angle change and a lane change steering input.
The results of this investigation are expected to be useful in speeding the online
calculation of autodriver algorithm [Jazar 2010], as well as obtaining data to determine the
steady-state behavior of vehicles, [Tahami et al. 2003]. The maneuvers can be considered as
the steady state circular path which is a classical vehicle dynamic parameter determination
test. The steady-state circular test is an open-loop test in which either the circular track
radius or the steering angle or the vehicle’s forward velocity must be kept constant (ISO
4138).
Step change in steer angle
A realistic step change of steer angle can be expressed by
δ = δ0
(
H (t− t0) + sin2
(
t
2t0/pi
)
H (t0 − t)
)
(4.50)
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Figure 4.7: A realistic step change of steer angle.
as illustrated in Figure 4.7 for t0 = 1 s, where H (t− t0) is the Heaviside function
H (t− t0) =
{
0 t < t0
1 t ≥ t0
(4.51)
and t0 is the response time and δ0 is the maximum constant steer angle.
We determine the reaction of the vehicle for
δ0 = 0.1 rad (4.52)
t0 = 1 s (4.53)
vx = 20 m / s (4.54)
and determine the solution of the equations of motion.
r = H (t− t0) e4.962(1−t) (0.0588 sin 3.7687(t− 1)− 0.01048 cos 3.7687(t− 1))
+H (t− t0) (0.233 cos(pit) + 0.0869 sin(pit) + 0.2439)
+ e−4.962t (0.0588 sin(pit)− 0.01048 cos(pit))
− 0.233 cos(pit)− 0.0869 sin(pit) + 0.2439 (4.55)
vy = H (t− t0) e4.962(1−t) (0.0492 sin 3.7687(t− 1) + 0.2924 cos 3.7687(t− 1))
−H (t− t0) (0.1222 cos(pit) + 0.4028 sin(pit) + 0.4146341465)
+ e−4.962t (0.2924 cos(3.7687t) + 0.0492 sin(3.7687t))
+ 0.1222 cos(pit) + 0.4028 sin(pit)− 0.414 (4.56)
R =
vx
r
(4.57)
Let us call the dynamic variables that are calculated by solving the equations of mo-
tion (5.12)-(5.14) the instantaneous variable and instantaneous vehicle, and the variables
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Figure 4.8: The instantaneous time history of r, vy, and R for a step steering change.
that are calculated based on responses (4.37)-(4.41) the steady-state variable and steady-
state vehicle. Figure 4.8 depicts the instantaneous time history of r, vy, and R, during and
after steering change. The steer angle is variable for 0 < t ≤ 1 s and is fixed at δ0 = 0.1 rad
for t > 0. It takes less than one second for the vehicle to achieve the final steady state
conditions, while their states are not too far from the steady-states.
The steady-state expressions of r, vy, and R as functions of time for the step change
of steer angle are:
rs = 0.4878 sin
2
(
t
2/pi
)
H(1− t) + 0.4878 H(t− 1) (4.58)
vys = −0.829 sin2
(
t
2/pi
)
H(1− t)− 0.8292 H(t− 1) (4.59)
Rs =
4.1
0.1 sin2
(
t
2/pi
)
H(1− t) + 0.1H(t− 1)
(4.60)
which are shown in Figure 4.9.
The difference between the instantaneous and steady-state values of r, vy, and R are
shown in Figures 4.10-4.12. The maximum difference of r − rs happens around middle of
the steering change at t ≈ 0.56 s and is r − rs ≈ −0.083913 rad / s which is 17.2% of the
steady state value of 0.4878 rad / s. As r < rs during t < t0 the instantaneous yaw rate
of the vehicle is higher than the steady-state, and therefore, the instantaneous vehicle is
turning faster than the steady-state vehicle. This yields that the angular position of the
steady-state vehicle to have a constant lag.
The angular orientation of the body coordinate frame B (xyz) with respect to the
global frame G (XY Z) is indicated by the angle ψ between axes X and x measured about
the Z-axis. Figure 4.13 depicts ψ, ψs and ψ − ψs indicating that steady-state vehicle is a
few degrees behind the instantaneous vehicle.
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Figure 4.9: The steady-state time history of r, vy, and R for a step steering change.
Figure 4.10: The difference between the instantaneous and steady-state values of r during
a step steering input.
Figure 4.11: The difference between the instantaneous and steady-state values of vy during
a step steering input.
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Figure 4.12: The difference between the instantaneous and steady-state values of R during
a step steering input.
Figure 4.13: The difference between the instantaneous and steady-state values of ψ during
a step steering input.
ψ =
∫ t
0
r (t) dt (4.61)
= H (t− t0) (−e4.962(1−t) (0.00435 cos 3.769(t− 1)− 0.0085 sin 3.769(t− 1))
+H (t− t0) (−0.0277 cos(pit) + 0.074 sin(pit)− 0.267)) + 0.244t
− e4.962(1−t) (0.004356 cos 3.769(t− 1)− 0.0085 sin 3.769(t− 1))
+ 0.0277 cos(pit)− 0.0743 sin(pit) + 0.244t− 0.02332 (4.62)
The global frame G is fixed on the ground, and B coincides with G at the start
of maneuvers. The B-frame moves with the vehicle while the axes z and Z are always
parallel. Therefore, the velocity vector of the vehicle in the global frame is
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Gv = GRB
Bv =
[
cosψ − sinψ
sinψ cosψ
][
vx
vy
]
=
[
vx cosψ − vy sinψ
vy cosψ + vx sinψ
]
=
[
vX
vY
]
(4.63)
where GRB is the transformation between B and G and the velocity vector of the
vehicle in the body frame is
Bv =
[
vx
vy
]
(4.64)
Therefore, the global coordinates of the mass center of the vehicle would be
X =
∫ t
0
vX dt =
∫ t
0
(vx cosψ − vy sinψ) dt (4.65)
Y =
∫ t
0
vY dt =
∫ t
0
(vy cosψ + vx sinψ) dt (4.66)
When the steer angle is kept constant, the vehicle will eventually be turning on a
constant circular path. The position of the steady-state rotation center of the vehicle in
the B-frame is at
xO = −R sinβ = 1.6994 m (4.67)
yO = R cosβ = 40.965 m (4.68)
because
lim
t→∞R = 41 m (4.69)
lim
t→∞β = −0.04146 rad (4.70)
The global coordinates of the steady-state rotation center is[
XO
YO
]
= GGrB +
GRB
[
xO
yO
]
=
[
13.617 m
41.388 m
]
(4.71)
where GGrB is the G-expression of the position vector of the origin of the B-frame with
respect to the origin of the G-frame at any point on the steady-state conditions, (Jazar
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Figure 4.14: The instantaneous path of motion of the vehicle and the steady-state rotation
center.
2011). In this example, we used the calculated data at t = 2 s when we have[
xO
yO
]
=
[
1.6994 m
40.965 m
]
(4.72)
ψ = 0.6851 rad (4.73)
G
GrB =
[
38.2226 m
8.5916 m
]
(4.74)
Figure 4.14 illustrates the instantaneous path of motion of the vehicle in global frame
and its final steady-state rotation center. The magnification of the transient stage depicts
how the vehicle approaches its steady state circular path.
To compare the instantaneous and steady-state, or in other words, the exact and
approximate maneuvers, we substitute vys from (4.59) in (4.95) and calculate the steady-
state velocity components of the vehicle in G-frame.
Gvs =
GRB
Bvs =
[
vx cosψs − vys sinψs
vys cosψs + vx sinψs
]
=
[
vXs
vYs
]
(4.75)
Figure 4.15 depicts the instantaneous and steady-state global velocity components of
the vehicle and their differences.
Integration of vXs and vYs provide us with the path of motion based on steady-state
calculation. Figure 4.16 illustrates the instantaneous and steady-state paths of motion of
the vehicle in global frame. The magnification of the transient stage depicts how different
the paths are. Figure 4.17 depicts X, Xs, Y , Ys, as functions of t, and Figure 4.18 depicts
X−Xs, Y −Ys. The maximum error of X−Xs is 3.808 m which is less than 6.89% of the
maximum X of 54.522 m. The maximum error of Y −Ys is also 2.116 m which is less than
2.59% of the maximum Y of 82.468. The errors in the local coordinate are much less, as
are shown in Figures 4.19 and 4.20.
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Figure 4.15: The instantaneous and steady-state global velocity components of the vehicle
and their differences.
Figure 4.16: The instantaneous and steady-state paths of motion of the vehicle.
The difference between instantaneous and steady-state calculation decreases expo-
nentially by increasing t0. When t0 = 2 s the maximum error of X −Xs is 3.796 m which
is less than 5.89% of the maximum X of 64.45 m and the maximum error of Y − Ys is
also 2.114 m which is less than 2.55% of the maximum Y of 83.154. When t0 = 10 s the
maximum error of X − Xs is 3.188 m which is less than 2.33% of the maximum X of
136.886 m and the maximum error of Y − Ys is also 0.0002 m which is less than 0.00025%
of the maximum Y of 90.161.
Lane change maneuver
A realistic lane change steer angle can be expressed by and shown in Figure 4.21
δ = δ0
(
H (t0 − t) sin2
(
t
t0/pi
)
−H (t− t0)H (2t0 − t) sin2
(
t
t0/pi
))
(4.76)
where 2t0 is the response time at which the steer angle sets back to zero and δ0 is the
maximum constant steer angle.
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Figure 4.17: Plot of X, Xs, Y , Ys, as functions of t.
Figure 4.18: Plot of X −Xs, Y − Ys, as functions of t.
The instantaneous and steady-state solutions for the path of motion are depicted in
Figure 4.22 while global velocity and coordinates of the solutions are compared in Figures
4.23 and 4.24. The X and Y show 0.007% and 0.2% error respectively.
Vehicles dynamic equations of motion take the steer angle and traction force as input
to provide us with lateral velocity, yaw rate and forward velocity as output. However, the
scientists traditionally use forward velocity and steer angle as input to calculate the lateral
velocity and yaw rate, plus the required traction force. Vehicles are usually operating at
steady-state conditions when steering and forward velocity are kept constant. At such an
operating condition, the lateral velocity and yaw rate, as well as any other kinematic and
dynamic variables, will also remain constant. Any change in steer angle or forward velocity
puts the vehicle in a transient condition until the change stops and vehicle achieves the
another steady-state condition. Therefore, we assume a vehicle is in a transition dynamics
while it moves between steady-state conditions.
At steady-state conditions, the output variables are functions of the input variables
algebraically. We call these output variables, steady-state or approximate solutions. In
a transient period, the output variables are functions of the input variables differentially,
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Figure 4.19: Plot of x− xs, as functions of t.
Figure 4.20: Plot of y − ys, as functions of t.
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Figure 4.21: A realistic lane change steer angle.
Figure 4.22: The instantaneous and steady-state path of motion of the vehicle in a lane
change maneuver.
Figure 4.23: The instantaneous and steady-state global velocity components of the vehicle
in a lane change maneuver.
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Figure 4.24: The instantaneous and steady-state global position components of the vehicle
in a lane change maneuver.
that we call these outputs instantaneous or exact. The transient behavior may also be
calculated using the steady-state equations as an approximate solution for the transient
behavior. The purpose of this manuscript was to investigate the closeness of the ap-
proximate to exact solutions, and determine their relationships. The street vehicles are
normally receive a slow input changes and therefore, it can be expected that steady-state
equations would be enough to provide acceptable approximate solutions.
In this analysis, two steer changes were investigated and dynamic behaviour of a
nominal understeer vehicle have been determined both, exactly and approximately. In the
first maneuver, the vehicle was experiencing human simulated step steer change, and in
the second one, a human simulated lane change maneuver investigated. The comparison
of exact and approximate solutions consistently indicate that the exact response of vehicle
is faster than the approximate solution. In other words, the approximate vehicle is always
lazier than the exact vehicle. However, it has been shown that the approximate transient
behavior is close to the exact behavior. Moreover, the boundary steady-state conditions
are equally being achieved with both, exact and approximate solutions.
4.1.4 Effect of Acceleration (Variable Forward Velocity) on transient
and Steady-State Responses on Dynamics Behavior of Vehicles
In this section, effect of acceleration-Varying forward velocity- have been investigated on
the steady-state and transient responses of the turning center and the resulted path of
motion of the vehicle. Comparing the two mentioned responses of the vehicle could be
used to prove that there is a negligible difference between the steady-state and transient
center of rotation of the vehicle in engineering applications.
Dynamics of a vehicle with a constant steer angle and variable forward velocity have
been analyzed and presented as the proof.
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It has been shown that it is possible to predict the dynamics of vehicles using their
steady state responses within acceptable engineering approximations. More specifically,
we determine the dynamic rotation center of vehicles and compare them with steady-state
values.
The result would be essential to design autodriver algorithm for autonomous vehicles.
In the following, we calculate the transient response of an understeer passenger car
that is moving with a constant steering angle equal to equation 4.77 and a variable forward
velocity which changes with time according to equation 4.78. The transition behavior of
the car will be determined by solving the equations of motion. The same transition
behavior will be determined using steady state responses to examine the proximity of the
two analysis. It will be shown that steady-state response equations are good enough to
predict the transition behavior of the car.
δ(t) = 0.1rad ≈ 5.37deg (4.77)
The forward velocity of the vehicle changes with time according to the following
function:
vx =
20
t0
tH(t0 − t) + 20H(t− t0) m/s (4.78)
Where vx changes from vx = 0m/s at t = 0 to the maximum speed vx = 20m/s at
t = t0, and remains constant afterwards. H(t− t0) is the Heaviside function:
H (t− t0) =
{
0 t < t0
1 t ≥ t0
(4.79)
The results of this investigation are expected to be useful in speeding the online
calculation of autodriver algorithm (Jazar 2010), as well as obtaining data to determine
the steady-state behavior of vehicles, (Tahami, at al , 2003).
Steady-State responses for the Case of Accelerating Vehicle
The steady-state responses for the case of variable speed will be:
1. Curvature response, Sκ
Sκ =
0.625× 1010
(tH(−t+ 20) + 20H(t− 20))(z1) (4.80)
where
z1 =
0.15625× 1011
tH(−t+ 20) + 20H(t− 20) + 0.25× 10
8tH(−t+ 20) + 0.5× 109H(t− 20) (4.81)
2. Sideslip response, Sβ
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Figure 4.25: Steady-state responses of a sample vehicle, as functions of forward velocity
vx.
Sβ =
z2 − 0.5× 108tH(−t+ 20)− 0.1× 1010H(t− 20)
z3 + 0.25× 108tH(−t+ 20) + 0.5× 109H(t− 20) (4.82)
where
z2 =
0.9375× 1010
tH(−t+ 20) + 20H(t− 20) (4.83)
z3 =
0.15625× 1011
tH(−t+ 20) + 20H(t− 20) (4.84)
3. Yaw rate response, Sr
Sr =
0.625× 1010
z3 + 0.25× 108tH(−t+ 20) + 0.5× 109H(t− 20) (4.85)
4. Centripetal acceleration response, Sa
Sa =
0.625× 1010(tH(−t+ 20) + 20H(t− 20))
z3 + 0.25× 108tH(−t+ 20) + 0.5× 109H(t− 20) (4.86)
5. Lateral velocity response, Sy
Sy =
(
z4 − 0.5× 108tH(−t+ 20)− 0.1× 1010H(t− 20)
)
(tH(−t+ 20) + 20H(t− 20))
z3 + 0.25× 108tH(−t+ 20) + 0.5× 109H(t− 20)
(4.87)
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where,
z4 =
0.9375× 1010
tH(−t+ 20) + 20H(t− 20) (4.88)
In the all above equations H has been used to substitute the heaviside function to
shorten the equations.
Employing the steady-state responses, we can determine the variation of the kine-
matics of motion as functions of time t.
Steady-state Rotation Center and Path of Motion
Having the steady-state responses Sk = 1/R/δ and Sβ = β/δ, we will be able to determine
the steady-state position of the rotation center (xO, yO) of a vehicle in the vehicle body
coordinate frame as is illustrated in Figure 4.2.
xOsteady = −R sinβ = −
1
Skδ
sin(Sβδ) (4.89)
yOsteady = R cosβ =
1
Skδ
cos (Sβδ) (4.90)
At steady-state conditions the radius of rotation R can be found from the curvature
response Sκ, and the vehicle sideslip angle β from the sideslip response Sβ.
Rsteadystate =
1
δSκ
=
vx (DrCβ − CrDβ +mvxDβ)
(CδDβ − CβDδ) δ (4.91)
βsteadystate = δSβ =
Dδ (Cr −mvx)−DrCδ
DrCβ − CrDβ +mvxDβ δ (4.92)
Therefore, the steady-state position of the dynamic center of rotation O in the body
coordinate frame B, about which the vehicle will actually turn, is at
xOsteady = −
vx (DrCβ − CrDβ +mvxDβ)
(CδDβ − CβDδ) δ sin
(
Dδ (Cr −mvx)−DrCδ
DrCβ − CrDβ +mvxDβ δ
)
(4.93)
yOsteady =
vx (DrCβ − CrDβ +mvxDβ)
(CδDβ − CβDδ) δ cos
(
Dδ (Cr −mvx)−DrCδ
DrCβ − CrDβ +mvxDβ δ
)
(4.94)
Figure ?? illustrates the coordinates xOsteady and yOsteady of the vehicle for 0 < t < 20
seconds at a constant steer angle δ = 0.1 after substituting the equation 4.78. At a constant
steer angle, the dynamic rotation center of the understeer vehicle moves away and forward
by increasing the forward velocity. The rate of the displacement of the rotation center
increases by speed. Figure 4.27 depicts how location of the center of rotation with respect
to the body frame of the vehicle changes with speed. It indicates the critical speed as well
at which the velocity vector of the vehicle at its mass center is in the x direction only.
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Figure 4.26: The coordinate (xOsteady , yOsteady) of the steady-state rotation center of the
vehicle in the body frame for 0 < t < 20 s
Figure 4.27: The location of the steady-state rotation center in the body frame for 0 <
vx < 20 m/s.
At the critical speed, we have β = 0 and the dynamic center of rotation is located on the
y-axis.
The global frame G is fixed on the ground, and B coincides G at the beginning
of maneuvers. The B-frame moves with the vehicle while the axes z and Z are always
parallel. Therefore, the velocity vector of the vehicle in the global frame is
Gv = GRB
Bv =
[
cosψ − sinψ
sinψ cosψ
][
vx
vy
]
=
[
vx cosψ − vy sinψ
vy cosψ + vx sinψ
]
=
[
vX
vY
]
(4.95)
where GRB is the transformation between B and G and the velocity vector of the
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vehicle in the body frame is
Bv =
[
vx
vy
]
(4.96)
Therefore, the global coordinates of the mass center of the vehicle would be
X =
∫ t
0
vX dt =
∫ t
0
(vx cosψ − vy sinψ) dt (4.97)
Y =
∫ t
0
vY dt =
∫ t
0
(vy cosψ + vx sinψ) dt (4.98)
When the steer angle is kept constant, and after reaching the top spped of 20m/s
the vehicle will eventually be turning on a constant circular path. The position of the
steady-state rotation center of the vehicle in the B-frame is at
xOsteady = −R sinβ = 1.6995 m (4.99)
yOsteady = R cosβ = 40.965 m (4.100)
because
lim
t→∞Rsteadystate = 41 m (4.101)
lim
t→∞βsteadystate = −0.04146 rad (4.102)
The global coordinates of the steady-state rotation center is[
XOsteady
YOsteady
]
= GOro +
GRB
[
xOsteady
yOsteady
]
=
[
−5.8 m
−23.9 m
]
(4.103)
where GGrB is the G-expression of the position vector of the origin of the B-frame with
respect to the origin of the G-frame at any point on the steady-state conditions, (Jazar
2011). In this example, we used the calculated data at t = 2 s when we have
[
xOsteady
yOsteady
]
=
[
1.6994 m
40.965 m
]
(4.104)
ψ = 3.84 rad (4.105)
G
Oro =
[
−27.345 m
−50.182 m
]
(4.106)
Figure 4.28 illustrates the steady-state path of motion of the vehicle in global frame
and its final rotation center. The magnification of the transient stage depicts how the
vehicle approaches its steady state circular path.
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Figure 4.28: The steady-state path of motion of the vehicle and its rotation center.
4.1.5 Exact (Dynamic) Rotation Center and Path of Motion
In order to be able to compare the dynamics solution result which we’ll call the exact
solution from now on with the steady-state solutions which we’ll call approximate solution,
let’s solve equations ??, 5.27, and ??. The equations of motion will turn to the following
after substituting all the variables and nominal values from the sample car:
v˙y(t) =
( 25
tH(−t+ 20) + 20H(t− 20) − tH(−t+ 20)− 20H(t− 20)
)
r(t)− 5 (4.107)
r˙(t) =
15.1515vy(t)
tH(−t+ 20) + 20H(t− 20) +
98.4848r(t)
tH(−t+ 20) + 20H(t− 20) − 3.03 (4.108)
Solving the equation above will lead us to dynamic solution results which can be used
for comparing with the steady state results. The first interesting comparison after solving
the equations of motion is the final radius of rotation, R (after the start of the steady-state
conditionfor the exact solution) and the heading angle, β.
lim
t→∞R = 41 m (4.109)
lim
t→∞βsteadystate = −0.04146 rad (4.110)
These are exactly equal to the same values for the approximate solution in equa-
tions 4.101 and 4.102. This means that the path of motion for both solutions is exactly
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Figure 4.29: The coordinate (xO, yO) of the steady-state rotation center of the vehicle in
the body frame for 0 < t < 20 s
Figure 4.30: The location of the Dynamic rotation center in the body frame for 0 < vx <
20 m/s.
the same after the transition time which happens in the exact situation. So, every devi-
ation in the final path of motion of the two solutions has happened during the transition
time.
The center of rotation of the vehicle in the body frame (Xo, Yo) are found as the
following: [
Xo
Yo
]
=
[
1.6994 m
40.965 m
]
(4.111)
which are again the same, which indicates that the path of motion taken by the vehicle
in both situations will look the same from the eye of the passengers.
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Figure 4.31: The Dynamics (exact) path of motion of the vehicle and its rotation center.
But in order to find the center of rotation in the global frame we’ll need to repeat
the equations 4.97 and 4.98. Following the same steps as before we’ll get:
ψ = 3.82 rad (4.112)
G
Oro =
[
−26.721 m
−50.85 m
]
(4.113)
We’ll get, [
XO
YO
]
= GOro +
GRB
[
xO
yO
]
=
[
−5.61 m
−24.22 m
]
(4.114)
The steady state responses of a vehicle which starts moving with a constant steering
angle, while the forward velocity is changing with time has been calculated for a sample car.
The same sample has been used to solve the problem with the same condition dynamically.
The final path of motion has been calculated for both of the above. By comparing the
exact and approximate paths of motion we will be able to decide whether the approximate
method is accurate enough for engineering purposes. The reason behind all these is to
make the in-line calculation time for autonomous algorithm for autodriver shorter and less
complicated.
There will be two methods for comparing the two resulted path of motions. The
first method is to compare the position of the vehicle at any moment of time on the two
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Figure 4.32: Deviation in the x direction - Time lag included
paths and check how much is the distance between the positions of the two. The difference
resulted in this case will include the transition time lag for the exact path which will cause
the vehicle to fall behind as for the approximate method no time is taken by the system to
achieve the steady-state condition. For this case the values used for calculating the global
position of the center of rotation can be used from equations 4.106 and 4.113. These are
the actual position of the vehicle on the paths of motion at time t = 14.985 s.
These values indicate that the two vehicles are just 0.624 m apart in the x direction
and 0.668 m apart in the y direction. The total distance of the two paths of motion at this
moment of time is only 0.91 m which is only 2.2% of the radius of rotation. Figures 4.32
and 4.33 indicates the deviation in the x and y direction during the time of motion which
makes it possible to find out the maximum deviation of the two resulted paths.
The only problem here is that there is no way to make sure at what time during the
time of motion we are getting the biggest deviation in the two paths. In order to, get
a more accurate result on the deviation of the two paths, we’ll have to use the second
method of comparing. By comparing only the global center of rotation of the two paths
of motion we can compare the two paths only by their geometry, which is a more accurate
way because, firstly what is important for us in this research is to find the difference in the
geometry of the two generated paths and secondly we can make sure this is the biggest
deviation distance between the two path of motion, geometrically.
Doing the above mentioned we’ll have only 0.19 m deviation in the x direction and
0.32 m in the y direction. The total distance of the two global centers of rotation is only
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Figure 4.33: Deviation in the y direction - Time lag included
0.37 m which is just 0.9% of the radius of rotation. To conclude, in the case of moving
with a constant steering angle but a varying forward velocity, the resulted path of motion
using the steady-state responses of the vehicle or solving the dynamic equations of the
motion of the vehicle are definitely close enough to make us able to neglect the difference.
So, it is suggested to at least in the case of complicated calculation of equations of motion
to use the steady-state responses for solving the problem.
Figure 4.34 shows the comparison between the two resulted paths of motion and
figure ?? shows the comparison between the movement of the cenetr of rotation of the
two vehicle in their respective body frames. As mentioned earlier the movement of the
two vehicles looks the same for the passengers, that is why the two lines in 4.35 are not
recognizable.
All the above mentioned will be used and validated in the next chapter. The presented
chapter can be shortened in the following paragraph:
Solving the dynamic differential equations of motion has been the only way to find
out the dynamic path of motion of vehicles. This could have been a very time consuming
process not mentioning that the equations are not possible to solve in some cases con-
sidering the level of complication of the equations involved. For exactly the same reason
it was only possible to use our sample road -8 figure- for solving the kinematics of the
problem and it was impossible to solve the dynamic equations of motion for this case. All
the mentioned motivated us to look for alternative ways of finding dynamic path of mo-
tion. The steady-state responses looked to be promising. The easiest one of the responses
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Figure 4.34: The exact and approximate paths of motion
Figure 4.35: The exact and approximatecenters of rotation in the body frame
to be used was the curvature response. This response was used to solve 2 different case
scenarios. The results then, were compared with the solution of the dynamic equations of
motion for the same cases. The comparison between these two sets of results proved that
the curvature response of the vehicle can be used instead of the dynamic responses. This
resulted in naming the method Steady-State Dynamic Steering, which will be use for the
application of the autodriver algorithm.
In the next chapter the SSDS method will be put in action by using it as a part
of the autodriver algorithm for different case scenarios. The next chapter can be a good
validation for the method, to prove that it can substitute the long and complivated process
of solving the differential dynamic equation of motion.
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5.1 Generating Dynamic Steering Angles Using Steady-State
Responses
In the previous chapter an alternative way for finding the dynamic responses of a vehicle
was found. This new method which is called SSDS is based on solving the steady-state
responses of the vehicle instead of dynamic differential equations. Generally speaking this
method can be a good replacement for solving equations of motion, which will result in
shorter computation times, easier calculations and much less complicated respons equa-
tions. The mentioned method was validated in the previous chapter by applying it to
standard driving tests mathematically. In the following chapter SSDS method is going
to be validated to be used for the application of autodriver algorithm by using it for two
different lane change manuevers. Upon proof of the method it is going to be applied to
a sample general road to make sure that the autodriver algorithm can use the SSDS to
keep a car on a desired road.
After examining the output-input relationships of the steady-state responses it was
found that the curvature response of the vehicle could be used to find the steering angles
of the vehicle.
sk =
k
δ
=
1
Rδ
(5.1)
where, R is the radius of curvature of the road, k = 1R is the curvature and δ is the
steady-state steering angle of the vehicle.
Remembering from chapter 3, finding the radius of curvature of road was necessary
to be able to find the curvature center of the road an any time during the travel. Now,
consider having the equation of a road which we could use to find the radius of curvature
of the road with. By replacing the raius of curvature found from the equation of the road
in equation 5.1 we could find the steady state steering angle of the vehicle and validate
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Figure 5.1: Cycloidal Motion lane change manoeuvre-moving 3 meters from one lane to
the adjacent lane
the findings by solving the equations of motion of the vehicle using the resulted steering
angles.
Two different equation for lane change manoeuvring will be examined which are as
the following:
y(t) = d(αpix(t)− 12pisin(2αx(t)))
x(t) = vxt
(5.2)
y(t) = d2(1− cos(αx(t)))
x(t) = vxt
(5.3)
where, d is the scalling factor and α is,
α =
√
2am
d
(5.4)
where, am is the maximum acceleration.
Equation 5.2 is the equation for Cycloid motion. This produces a sine acceleration
curve. The only problem with such a curve is the existance of jerk in the start of the
motion, but the acceleration and velocity start and end at zero. Figure 5.1 shows the
mentioned curve drawn using the following values:
am = 0.02
m
s2
d = 3 m vx = 1
m
s
(5.5)
As mentioned above the equation for the steering angles can be easily calculated by
the use of the curvature response, but in order to check the differences we’ll solve the
equations for bot kinematic and steady state situations.
To start with, the forward velocity have been adjusted on 1 ms which will be changed
to higher velocities later in this chapter to check the effect of the speed change as well.
The same method used in the Clothoid chapter is used here to find the center of
rotaion of the road, radius of curvature.
R =
√
(x˙2 + y˙2)3
y¨x˙− x¨y˙ = 0.78
√
(v2x + 0.45dv
2
xam(1− cos(2.82vxt
√
am
d ))
2)3
sin(2.82
√
am
d tvx)
(5.6)
Radius of curvature from equation 5.6 is drawn in figure ??.
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Figure 5.2: Radius of curvature for Cycloidal Motion Lane Change Manoeuvre Road
Center of curvature of the road can be found using the radius of curvature and the
unit normal vectors. the center of curvature of the road is shown in figure 5.3.
From figure 5.3 it can obviously be seen that for the start of the motion the car is on
a straight line which has the center of rotation in the positive side towards infinity. then
the radius of cirvature gets closer to the road and starts getting far from the road again as
the car gets closer to the center road. Right at the center the radius of curvature moves
toward infinity once agai and as soon the side of the road curve changes it repeats the
same mortion backwards but this time on the negative side.
Recalling from previous chapters the steering angles of the a front-wheel-steering
vehicle can be found using the following two eqautions:
δi = arctan(
l
R1 − w2
) (5.7)
δo = arctan(
l
R1 +
w
2
) (5.8)
where δi is the angle for the wheel in the inside of the turn, δo is the angle for the wheel
in the outside of the turn, w is the width of the front of the car, and R1 is the vertical
distance of the center of mass of the vehicle from the center of rotation of the car.
The only unknown here will be R1 which again recalling from the previous chapters
can be found according to the bottom instructions:
There is a global coordinate frame G attached to the ground, and a vehicle coordinate
frame B attached to the car at its mass center C, as shown in figure 5.4. The z and Z
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Figure 5.3: Radius of curvature for Cycloidal Motion Lane Change Manoeuvre Road
axes are assumed to be parallel and the angle ψ indicates the orientation of B in G. ψ is
the angle between x and X axes, and is called the heading angle of the car. If (Xc, Yc)
indicates the coordinates of the road curvature center cc in the global coordinate frame G
then, the coordinate of cc in B would be
Brc = Rz,ψ(
Grc − Gd) (5.9)
xcyc
0
 =
 cosψ sinψ 0−sinψ cosψ 0
0 0 1
(
XcYc
0
−
XY
0
)
=
(Xc −X)cosψ + (Yc − Y )sinψ(Yc − Y )cosψ − (Xc −X)sinψ
0

(5.10)
When the equation of the road is given, equation 5.10 determines the point that the
car should turn about. We use equation 5.10 to calculate the position of the curvature
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Figure 5.4: Illustration of a car which is moving on a road at a point that Cc is the center
of curvature
Figure 5.5: Kinematic steering angles- Black:δi and Red:δo
center and set the steer angles to have the same points as the turning center of the car.
Having the coordinates of the road curvature center cc in the vehicle coordinate frame is
enough to determin the kinematic characteristic R1.
R1 = yc = (Yc − Y )cosψ − (Xc −X)sinψ (5.11)
Figure 5.5 illustrates the outer and inner wheel’s kinematic steering angle in order
for the car to be kept on the road shown in figure 5.1. These are calculated using nominal
values 1.5m and 3m for the width and total length of the vehicle respectively.
Recalling from the previous chapters, we can use the following equations of motion
of the vehicle, and the kinematic steering angles found above to find out the actual road
resulteed as a result of applying these steering angles, which we will call the kinematic
road from now on.
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The equations of motion of the planar bicycle car model, expressed in the principal
body coordinate frame B, is governed by the following set of nonlinear coupled ordinary
differential equations. In the equations, the steering angle δ acts as the input and, the
mass center forward velocity vx, lateral velocity vy, and yaw rate r, are the outputs, (Jazar
2013).
v˙x =
1
m
Fx + r vy (5.12)
v˙y =
Cβ
mvx
vy −
(
vx − Cr
m
)
r +
Cδ
m
δ (t) (5.13)
r˙ =
Dβ
Izvx
vy +
Dr
Iz
r +
Dδ
Iz
δ (t) (5.14)
where
Cr =
∂Fy
∂r
= −a1
vx
Cαf +
a2
vx
Cαr (5.15)
Cβ =
∂Fy
∂β
= −Cαf − Cαr (5.16)
Cδ =
∂Fy
∂δ
= Cαf (5.17)
Dr =
∂Mz
∂r
= −a
2
1
vx
Cαf − a
2
2
vx
Cαr (5.18)
Dβ =
∂Mz
∂β
= a2Cαr − a1Cαf (5.19)
Dδ =
∂Mz
∂δ
= a1Cαf (5.20)
β =
vy
vx
(5.21)
The orthogonal body coordinate frame B is fixed to the vehicle at its mass center C and
is set such that the x-axis is longitudinal, y-axis is lateral, and z-axis is vertical upward.
The coefficients Cr, Cβ, Cδ, Dr, Dβ, Dδ in the equations of motion are slopes of the
curves for lateral force Fy and yaw moment Mz as a function of r, β, and δ respectively.
The coefficients Cr and Dr are functions of vx, and the coefficients Cβ, Cδ, Dβ, Dδ are
constant for a given vehicle. The solution of the equations to a given time dependent steer
angle δ (t) would be
vx = vx (t) (5.22)
vy = vy (t) (5.23)
r = r (t) (5.24)
The equations of motion are not analytically solvable, however, researchers tradition-
ally assume that the forward velocity vx is constant to reduce the equation to the following
linear set.
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Generally, this happens when the forward velocity is known and there is no need for
calculating vx.
Fx = −mr vy (5.25)[
v˙y
r˙
]
=

Cβ
mvx
Cr
m
− vx
Dβ
Izvx
Dr
Iz

[
vy
r
]
+

Cδ
m
Dδ
Iz
 δ (t) (5.26)
When vx remains constant or in more general cases is known, Equations (5.26) become
independent from (5.25). The set of Equations (5.26) can then be written in the form
q˙ = [A]q+ u (5.27)
in which [A] is a constant coefficient matrix, q is the vector of control variables, and u is
the vector of inputs.
[A] =

Cβ
mvx
Cr
m
− vx
Dβ
Izvx
Dr
Iz

=
 −
Cαf + Cαr
mvx
−a1Cαf + a2Cαr
mvx
− vx
−a1Cαf − a2Cαr
Izvx
−a
2
1Cαf + a
2
2Cαr
Izvx
 (5.28)
q =
[
vy
r
]
(5.29)
u =

Cαf
m
a1Cαf
Iz
 δ (t) =

Cδ
m
Dδ
Iz
 δ (t) (5.30)
Equations of motion of the vehicle are calculated using the following nominal values:
Cαf = 100000 − Cαr = 100000 − m = 1000 kg − a1 = 1.2 m − a2 = 1.8 m − Iz = 1650
(5.31)
and δ(t) can be calculated by getting the average of δi and δo according to the following
equation:
δ(t) = arctan(
2tan(δi)tan(δo)
tan(δi) + tan(δo)
) (5.32)
δ(t) is illustrated in figure 5.6.
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Figure 5.6: Average of the Kinematic steering angles
Figure 5.7: vy side slip velocity of the vehicle for the kinematic steering case
The equations of motion will be solved for δ(t) from the equation 5.32 to find out
what will be the final path taken by the vehicle having these steering angles. By solving
the equations we’ll get the to see the kinematic answers for Vy which indicates the side
slip, and r which is the rate of change of heading angle of the vehicle. These can be seen
in the following figures.
The resulted road from using the kinematic steering angles is shown in figure 5.14.
This time the problem will be solved using the new method based on the steady-
state responses of the vehicle as mentioned in the previous chapter. More specificaly the
response used here is the curvature response of the vehicle.
As mentioned before sk which is the curvature response of the vehicle can be calculated
using equation 5.33 and nomimal values in equation 5.31.
sk =
CdDb − CbDd
vx(DrCb − CrDb +mVxDb) =
1
Rsteadyδ(t)
= 0.3331112592 (5.33)
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Figure 5.8: r(t) rate of change of the heading angle of the vehicle for the kinematic steering
case
Figure 5.9: x Componenet of the resulted motion expressed in body frame for the kine-
matic case
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Figure 5.10: x Componenet of the resulted motion expressed in body frame for the kine-
matic case
Figure 5.11: Resulted road as seen in the body frame for the kinematic case
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Figure 5.12: X Componenet of velocity in the Global frame for the kinematic case
Figure 5.13: Y Componenet of velocity in the Global frame for the kinematic case
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Figure 5.14: Kinematic steering road
Figure 5.15: Kinematic steering angles vs. steady-state steering angles, Red:kinematic -
Green:steady-state
Figure 5.16: difference between Kinematic and steady-state steering angles
where, Rsteady is the radius of curvature using steady-state conditions, and δ(t) is the
new steering angle which will be found by putting the steady state curvature radius equal
to the radius of curvature of the road. This will result in the following equations:
Rsteady =
3.002
δ(t)
(5.34)
δ(t) =
0.7644530225sin(0.2309401076t)√
(1 + (0.1102657791− 0.1102657790Cos(0.2309401076t))2)3 (5.35)
As it can be seen above, the equation for the change of steering angles have been
found and it is illustrated in comparison with the kinematic steering angles in figure 5.15.
As it can be seen in Both figures 5.15 and 5.16, the difference between the two is very
small in case of a slow forward velocity (vx = 1), and it happens mostly on the return to
the straight road.
In order to velidate the new method and the steering angles found using this method,
the equation of motion of the vehcicle was solved once again and this time by substituting
the new stearing angles found using the steady-state responses of the vehicle.
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Figure 5.17: The results
Figure 5.18: Actual road(red) vs. Kinematic steering road(Black)
Figure 5.19: Actual road(red) vs. steady-state road(green)
The Road resulted using the steady-state dynamics angle is shown in figure 5.17. The
figure proves to be very similar to the actual road but new plots will show how accurate
the two methods are.
It is obvious from figures 5.18 and 5.19 that the road resulted from using the steady-
state steerign angles is generating less error and matches the actual road much better than
the kinematic steering case. In oredr to take the testing of the new method further, same
manoeuvres will be repeated with a higher forward velocity this time. The velocity will
be equal to 10m/s. The results are shown in figures 5.20 and 5.21.
Comparing the difference between the angles in thsi case with the previous case proves
that the deviation is much more than before in the case of high speed manoeuvre.
Figures 5.20 and 5.21, show that the major source of the bigger differences in the
steering angles as a result of increasing the speed, is the kinemtic steering angles calcula-
tions. As seen in figure 5.22 the steering angles calculated using the steady-state dynamics
Figure 5.20: difference between the steady-state and kinematic angles - High Speed Ma-
noeuvre
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Figure 5.21: Actual road(red) vs. steady-state road(green) - High Speed Manoeuvre
Figure 5.22: Actual road(red) vs. steady-state road(green) - High Speed Manoeuvre
are consistent after the change of speed but the deviation from teh road gets much bigger
for the kinemtic steering case.
To have a closer look, the final position of the actual road will be compared with the
final position of the vehicles traveling on the road using the two different methods which
are being investigated. Although, this might not be the place on which the maximum
deviation happens at, it gives a good understanding of the result of taking the road using
the calculated steering angles. On the other hand, from the figures it is obvious that all of
these manouevres will take the car in the desired direction but the main difference happens
at the end of the road. The values of the end point of the actual road can be easily found
by substituting the time at which the travelling ends which is equal to T = 2.72 s in the
case with the higher forward velocity case.
The position of the end point of the road is at (x, y) = (27.2, 3) m. This is clear from
the figures of the road as well as d was chosen to be 3 meters which is how much vertical
movement the vehicle is going to have a s a result of a manouevre, and the whole motion
happens after 27.2 meters of horizontal displacement. This will result in a 27.36 meters
of total displacement.
The final point of travel for the case of the kinematic steering angles is (x, y) =
(26.98, 2.66) which is a travel of about 27.1 meters. This point for the case of steady state
steering angles is at (x, y) = (26.95, 2.94) which is again 27.1 meters of travel.
Looking back at the main purpose of the manouevre, which was changing the lane
that the vehicle is moving in to the adjacent lane with 3 meters of vertical displacement
of the center of mass of the vehcile, one can come to the conclusion that the steady-state
steering angles is providing a much more accurate and faster response. The displacement
in the vertical direction in the steady-state case is only deviating about 1.6% from the
actual road which is very accurate. The amount of deviation in the other case however,
is about 11.3% from the actual road. This alone proves, how much more is the accuracy
of the new method.
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Figure 5.23: Simple Harmponic motion-Lane change manouevre
Figure 5.24: Radius of curvature of a simple harmonic motion road
In the following the same method is tested again this time using a simple harmonic
motion equation as the road.
Simple harmonic motion produces a sine velocity curve and a cosine acceleration
curve. There is no discontinuity at the transition point. The most important factor here
is the fact that there is no jerk at the start or end of the motion. The equation of the
road is shown below and figure 5.23 illustrates the road to be traveled by the vehicle.
In the first look the harmonic motion looks similar to the previous case, but the results
show great difference. For the solution the same steps as the previous case will be taken,
starting from finding the center of rotation and radius of curvature of the road. Please
note that using the method of steady-state steering there will be no need for finding the
steering angles using kinematics, but this is done here, in oredr to make a comparisson
possible.
Using the above mentioned and calculated, the kinematic steering angles can be
calculated as shown in figure 5.26.
Solving the equations of motion of the vehicle results in a following path of motion
which is illustrated in figure 5.27. This path of motion is compared with the actual road
in figure 5.28, and will be compared numerically with the results of stedy-state scenario
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Figure 5.25: Center of rotation of a simple harmonic road
Figure 5.26: Kinematic steering angles- δi:Black, δo:Red
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Figure 5.27: Kinematic steering angles path of motion
Figure 5.28: Kinematic steering path of motion(Black) vs. Actual road(Red)
as well, at the end.
As it can be seen in figure 5.28 there is a much bigger difference between the kinamti-
cally resulted path of motion and the actual road in this case compared to the cycloid
motion. Actually the difference is so much that the effectiveness of the steering calculated
based on the vehicle kinematics can already be questioned. But, still the same step as
the previous case should be taken to validate the effectiveness of the steady-state steering
angle calculation method.
As mentioned in the previous case in order to find the steering angles usign steady-
state dynamics of the vehicle, the curvature response can be used. Radius of curvature
of the road can be calculated from the road equation and placed in equation 5.33, which
will result in the equation of the steady-state steering angles.
δ(t) =
0.06004Cos(0.11547t)√
(1 + 0.03sin2(0.11547t))3
(5.36)
Equation 5.36 is illustrated in figure 5.29, and figure 5.30 showa the value of the dif-
ference between the angles calculated by the steady-state dynamics and the one calculated
by the kinematics of the vehicle.
δ(t) is used to solve the equations of motion of the vehicle. the result will be the
path of motion of a vehicle which has changed the steering angle of the wheels according t
equation 5.36, which can be seen in figure 5.31. The comparison between the actual road
and steady-state steering road is shown in figure 5.32.
As it can be seen from figure 5.32 the road resulted from steady-state steering is
proving tto be very closely following the actual road. This shows the consistency of the
method by changing the equation of the road. The forward velocity used in this case
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Figure 5.29: Steady-state steeing angle
Figure 5.30: kinematic steering angle-steady state angle
Figure 5.31: Steady-state steering resukted path
Figure 5.32: Actual road(red) vs. steady state road(Green)
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Figure 5.33: Sample road from equation 5.37
is equal to 1 m/s. In the following the effect of icreasing the forward velocity will be
investigated by changing the speed to 10 m/s.
5.2 Random Road Test
As the final part of the thesis the whole idea of the Autodriver algorithm will be put to
test on a sample road. The road chosen is shown in the figure 5.33 which is equation 5.37.
y(t) = 15((vxt/500)
2sin(vxt/500)
x(t) = vxt
(5.37)
The road shown in figure 5.33 indicates that the chosen road can give a good idea
about the validity of the algorithm, as it has both laft and right turns, as well as fair
amout of straight line driving. On the other hand, this is the legthiest road on which
the algorithm is being tried on, which can help in validating the final results for a more
realistic case scenario.
The same footsteps will be taken regardsless of the length or shape of the road in
front of the vehicle. Recalling from earlier in this chapter the first step would be finding
the turning radius of the road which will be essential for calculating the required steering
angles of the vehicle. The turning radius of the road equation 5.39 is shown in figure 5.34.
Rk =
√
(100 + (0.012tsin(0.02t) + 0.00012t2cos(0.02t))2)3
0.12sin(0.02t) + 0.0048tcos(0.02t)− 0.000024t2sin(0.02t) (5.38)
The turning radius of the road can be used for finding the turning center of the road
at any time during the period of travel. This is not necessary any more if the ateady-state
dynamic steering method is being used. The turning center of the road is illustrated in
figure 5.35.
Equation 5.33 can be used again to find the required steering angles. sk can be found
using the same nominal values as before from euqtion 5.31 and the turning radius of the
road which known from above. The required steering angles can easily be found. Equation
5.39 shows the required steering for the mentioned road. The illustration of the steering
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Figure 5.34: Turning radius of the road from figure 5.33
angles are not shown here. The reason is very small angles which are applied over a long
distance, which makes it almost impossible to see the changes during the travel time.
δ(t) =
3.2(0.12sin(0.02t) + 0.0048tcos(0.02t)− 0.000024t2sin(0.02t))√
(100 + (0.012tsin(0.02t) + 0.00012t2cos(0.02t))2)3
(5.39)
δ(t) from equation 5.39 can now be used to solve the equations of motion of the
vehicle to validate the road resulted after using this steering angles of on the vehicle. The
following are the results from solving equations 5.27 by substituting 5.39.
The first results taken from the solution is the y component of the velocity which is
reffered to as the lateral velocity. Considering the fact that the forward velocity of the
vehicle is known, these two can be used to find the position of the vehicle at any time in
the body frame of the vehicle. The lateral velocity is shown in figure 5.36.
Integrating the equations for the lateral and forward velocity the position of the
vehicle in the body frame can be found. The components of the position of the vehicle
are shown in figures 5.37 and 5.38.
The vlocities of the vehicle in their body frame during the time of travel are shown
in figures, 5.39 and 5.40.
At last the resulted road from taking the steering angles from equation 5.39, is illus-
trated in comparison with the actual road in figure 5.41.
The position of the end of the road calculated from the center of the coordinate
system shown in figure 5.41 is located at (x, y) = (3142, 0), and the end point of the
steady-state road is located at (2992.7,−59.15). So the variance in the both components
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Figure 5.35: Turning center of the road from figure ??
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Figure 5.36: Lateral velocity of a vehicle using the steering angles from equation 5.39
Figure 5.37: x component of a vehicle using the steering angles from equation 5.39 in its
body frame
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Figure 5.38: y component of a vehicle using the steering angles from equation 5.39 in its
body frame
Figure 5.39: x component of the velocity of a vehicle using the steering angles from
equation 5.39 in its body frame
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Figure 5.40: y component of the velocity of a vehicle using the steering angles from
equation 5.39 in its body frame
Figure 5.41: Actual Road (Red) vs. Steady-state road (Green)
will be (149.3, 59.15). This means that we got an error of about 4.7% in the x direction of
the motion. The total distance of the end point of the two paths is 160.59 meters. this
distance is only about 4% of the total of more 4 km travelled by the vehicle, which once
again proves the high accuracy of the steering angles calculated using the steady-state
dynamic steering method.
All the above mentioned once again prooves the validity of the SSDS method and
practicality of the autodriver algorithm. the differences mentioned above can be solved
by designing and using a control feedback system. Designing a control feedback system
was not a part of the plan during this project but an overview of a possible format for a
control feedback system is mentioned in the conclusion chapter.
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6.1 Conclusion
The project present project on the application of Autodriver algorithm for autonomous
vehicles was started in 2010 by Reza Jazar who put the theory forward for the first time.
From 2011, a phd project based on the mentioned project was initiated in order to make
the theory as close as possible to application.
The initial theory was based on 4 wheel steering vehicles which is believed to be
a dynamically better choice for vehicles according to reasons mentioned in chapter 2 of
the present thesis. This fact determined the first steps towards a more practical theory
which was generating autodriver algorithm for 2 wheel steering vehicles. This was done
in chapter 2 of the current document.
A sample road was required for the purpose of testing the theory. A lot of effort went
into choosing and designing the most appropriate sample road for the application of the
autodriver algorithm. The result is presented as a seperate chapter -chapter 2- and in the
most recent edition of the theory of vehicle dynamics and handling handbook, by Reza
Jazar in 2014, and in the 2014 ICSAT Conference in Sweden in 2014. The whole chapter
is based on the use and application of Clothoids, for a better road design. Clothoids were
found to be the best transition curves because of the nature of their equations. This was
the main reason why they were chosen as a part of the sample road. During the course
of the project and in oreder to generate a sample road a lot of time and effort went in to
learning the complicated equations of the clothoids. This was considered worth mentioning
in the thesis, as some method for using clothoids as transition curve for several different
situations in the form of design charts was introduce. It is believed that these finding will
make the use of clothoids as parts of road much easier and less complicated.
The above mentioned sample road also known as 8 figure road, was then used to check
the validity of the theory. All the steering angles of a vehicle were found kinematically, in
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order to keep the car on a desired path of motion. This are all available in chapter 4 of
the thesis. These looked very promissing and the next step was to check the validity of
the theory in the dynamic situation.
Considering the dynamics of the vehicle, will the results ver much different. This a
result of many factors which comes into account most importantly sideslip of the vehicle.
These factors will cause the car to go out of the desired path of motion as soon as the
forward velocity is higher than 1 m/s. In order to find the dynamic path of motion, a set
of differential equations are needed to be solved. Solving these equation for the 8 figure
road proved to be impossible, which initiated the thoughts about looking for an alternative
method. This method which is introduced in chapter 4, was called Steady-State Dynamic
Steering (SSDS).
SSDS uses the steady-state responses, or more specifically the curvature respons of
the vehicle in order to find the dynamic respons of a vehicle. This method is comparably
a very easy method of finding dynamic responses of a vehicle without having to solve
the differential equations of motion. In chapter 4 of the present document the method
and its reasoning is explained in details, and in chapter 5 the method has been tested by
applying to different scenarios for a lane change maneuver. These have been published
and presented in the KES 2014 conference.
All the above mentioned, proved that the SSDS method can be a very good substitute
for solcing the dynamic equations of motion whithin acceptable engineering approxima-
tions. The errors which have been highligted in comparison with the exact solutions
(Diferential equations) are very samall in different case scenarios they have been tested.
These small variations in the final results can be prevented by designing and applying
a complete and appropriate control feedback system. Design of such a system was not
an objective of this project. But a very simple and schematic model of such a system is
presented in this chapter for the purpose of future use. An overview of the Autodriver
algorithm including the proposed control feedback system is shown in figure 6.1.
The deviations of the resulted path of motion and the desired path of motion, can
be devided to their x and y components. This has been done in discussions at the end of
chapter 5, which apeared to be good method for compensating the errors by application
of a control feedback system.
The difference between the desired and resulted path of motion can be calculated at
any time during the travel in its x and y components. The deviation in the x direction
can be fixed by finding and applying a gain which can change and adjust the forward
velocity of the vehicle. In the same manner the deviation of the y component can be fixed
by applying appropriate adjustments to the steering angles of the vehicle. As mentioned
earlier all the above mentioned are illustrated in figure 6.1.
At the end it is hoped that the reserach done during the 3 years of this project can
be helpfull for the researchers following this project in the future. It is firmly believed
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Figure 6.1: Overview of the autodriver algorithm inclusing the proposed control feedback
system
that this project can be very helpfull in the generation of the autonomous vehicles with
the highest levels of safety and relaibility. The theory of the autodriver for autonomous
vehicles has never closer to application and it is hoped that this project will be continued
and resulted a fully autonomous vehicle in the near future.
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